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Riemann integral and volume are generalized to unbounded functions and
sets.

9a Introduction
The n-dimensional unit ball in the /, metric,
E={(x1,...,x,) w1+ +|z,JP < 1},

is an admissible set, and its volume is a Riemann integral,

U(E)=fRn]1E,

of a bounded function with bounded support. In Sect. [0f] we’ll calculate it:

where I is a function defined by
I'(t) = / o ltedxr for t>0;
0

here the integrand has no bounded support; and for t = % <1 it is also un-
bounded (near 0). Thus we need a more general, so-called improper integral,
even for calculating the volume of a bounded body!

In relatively simple cases the improper integral may be treated via ad hoc
limiting procedure adapted to the given function; for example,

o0 k
f e dz = lim e dr.
0 k—oo J1/k
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In more complicated cases it is better to have a theory able to integrate rather
general functions on rather general n-dimensional sets. Different functions
may tend to infinity on different subsets (points, lines, surfaces), and still,
we expect [(af +bg) =a [ f+b /[ g (linearity) to hold, as well as change of
variables.!

9b Positive integrands

We consider an open set G ¢ R" and functions f : G - [0, 00) continuous
almost everywhere.? We do not assume that G is bounded. We also do not
assume that G is admissible, even if it is bounded.? “Continuous almost
everywhere” means that the set A ¢ G of all discontinuity points of f has
measure 0 (recall Sect. 6d). We can use the function f-1s equal f on G
and 0 on R™ \ GG, but must be careful: 1g and f - 1s need not be continuous
almost everywhere.

We define

(9b1) ffzsup{f g‘g:R”eRintegrable,
G R™
OSgSfOHG,g=OOIan\G}E[0,00].

The condition on g may be reformulated as 0 < g < f-1g. If f-1g is
integrable (on R"), then clearly [, f = [zn [+ 1, which generalizes 4d5. This
happens if and only if f - lg is bounded, with bounded support, and

flx)—= f(xg)=0 asGE3x -z
for almost all zy € G (think, why). (Void if 0G has measure 0.)

9b2 Exercise. (a) Without changing the supremum in (9bl)) we may restrict
ourselves to continuous g with bounded support; or, alternatively, to step

functions g; and moreover, in both cases, WLOG, g has a compact support
inside G

! Additional literature (for especially interested):
M. Pascu (2006) “On the definition of multidimensional generalized Riemann integral”,
Bul. Univ. Petrol LVIII:2, 9-16.
(Research level) D. Maharam (1988) “Jordan fields and improper integrals”, J. Math.
Anal. Appl. 133, 163-194.

2This condition will be used in

3A bounded open set need not be admissible, even if it is diffeomorphic to a disk.


http://bmif.unde.ro/docs/20062/2%20PascuM.pdf
http://www.sciencedirect.com/science/article/pii/0022247X88903733
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(b) if f is bounded (not necessarily a.e. continuous) and G is bounded,
then [, f= | [g. f-1g, and in particular, [, 1 =v.(G);!

(c) if f is bounded and G is admissible, then the integral defined by
is equal to the integral defined by 4d5.
Prove it.

There are many ways to treat the improper integral as the limit of
(proper) Riemann integrals; here are some ways.

9b3 Exercise. Consider the case G = R?, and let |- | be a norm on R” of
the form? |z = (|z1[P + -+ + |2, [P) /P for x = (z1,...,7,); here p € [1,00] is a
parameter (and |z| = max(|xy],...,|z,]) if p = o0).

(a) Prove that

fnf = lim min(f(z), k) dx

koo Jlz| <k

(b) For a locally bounded? f prove that

f = lim f(z)de

koo J x| <k
(c) Can it happen that f is locally bounded, not bounded, and [, f < oo?
9b4 Example (Poisson). Consider

]:[ el 4z .
]R2

On one hand, by for the Euclidean norm (p = 2),

glm f/ o=@ +%) dxdy = l}im rdre / def = hm T f “du=m.

2 +y?<k?

On the other hand, by for |(z,y)| = max(|z|,|y|) (p=o0),

k +00
—glglo[[e (wg*yQ)dxdyzgir?o([e“Q daj)(/e v dy) (/e “ dx)
|z|<k,|y|<k “k “k o0
and we obtain the celebrated Poisson formula:
+o0
f e dg = V.

n fact, v, (G) is Lebesgue’s measure of G.
2But in fact, the same holds for arbitrary norm.
3That is, bounded on every bounded subset of R™.
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9b5 Exercise. Consider

1= ff wyPe” ) dady € [0, oo]

x>0,y>0

for given a,b € R. Prove that, on one hand,

oo 7r/2
I = ( f 7,a+b+1e_7«2 d’f’)( f cos® @ sinb 0 de) ,
0 0

and on the other hand,

I= (/009[:‘16‘”32 da:)( fmxbe‘m2 d:c).
0 0

9b6 Exercise. Consider f:R? - [0, 00) of the form f(x) = g(|z|) for a given
g:[0,00) > [0, 00).

(a) If g is integrable, then f is integrable and [g, f =27 [~ g(r) rdr.

(b) If g is continuous on (0,00), then [p. f =27 [ g(r) rdr €[0,o00].
Prove it.!

9b7 Exercise. Let | - | be as in[0b3]? Consider f:R™ — [0, 00) of the form
f(x) = g(||x]) for a given g: [0, 00) — [0, 00).

(a) If g is integrable, then f is integrable, and [5. f=nV [~ g(r)r"tdr
where V' is the volume of {z : |z| < 1}.

(b) If g is continuous on (0,00), then [5, f =nV [;~ g(r)r"dr € [0, o0].

¢) Let g be continuous on (0, c0) and satisfy

a b

for r - 0+, g(r) ~r* forr— +oo.

g(r) ~r

Then [ f < oo if and only if b< -n < a.
Prove it.3

9b8 Example. [p, e l#1° dz =nV [[*rm-le- dr; in particular, [g, e " dz =
nVy [;7 1" te ™ dr where V,, is the volume of the (usual) n-dimensional unit
ball. On the other hand, f]R” e le dg = (fR S dx)” = /2, Therefore

/2

V., = = )
n [y rrter dr

Not unexpectedly, V5 = 5 .

™ —
oo _r2 -
Jo o re" dr

"Hint: (a) polar coordinates; (b) use (a).

2But in fact, the same holds for arbitrary norm.

3Hint: (a) first, g = I[o,q], second, a step function g, and third, sandwich; also,
(a)=(b)=(c).
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Clearly, [,cf =c [ f for c€ (0, 0).
9b9 Proposition. [,(fi+ f2)= [, i+ [of2 €[0,00] for all f1,f>>0on G,

continuous almost everywhere.

Proof. The easy part: [,(fi+ f2) > [o [ + [ o} Given integrable g1, g
such that 0< ¢y < fi-1g and 0< g2 < fo- 1, we have [ g1+ [ g2 = [(g1+92) <
Jo(fi + f2), since g + go is integrable and 0 < gy + g» < (fi + f2) - 1. The
supremum in g, g» gives the claim.

The hard part: [(fi+ f2) < [o fi+ [g fo, that s, [g< [ fi+ [ fo for
every integrable g such that 0 < g < (f1+f2)-1g. We introduce ¢; = min(f1, g),
g2 =min( fo,g) (pointwise minimum on G; and 0 on R™ \ G) and prove that
they are continuous almost everywhere (on R", not just on G). For almost
every x € G, both f; and g are continuous at x and therefore g; is continuous
at z. For almost every x € G, g is continuous at x, which ensures continuity
of g1 at x (irrespective of continuity of f1), since g(z) =0 (z ¢ G). Thus, ¢
is continuous almost everywhere; the same holds for gs.

By Lebesgue’s criterion 6d2, the functions g;, go are integrable. We have
g1+g2 >min( f1+ f2,g) = g, since generally, min(a, ¢) +min(b, ¢) > min(a+b, c)
for all a,b,c € [0,00) (think, why). Thus, [¢g< [(g1+g2) = [ 1+ [ g2 <
fol-l—fog,SiIlceOSngf1~]1G7Oéggéfg']lg. O

9b10 Proposition (exhaustion). For open sets G, Gy, Gs, - c R™,

GetG = [ f] [ f elooo)

for all f:G — [0, 00) continuous almost everywhere.
Proof. First of all, ka f< fGM f (since 0 < g < f- 1, implies 0 < g <

f-1g,.,), and similarly, ka f< [ f, thus ka f 1 and limyg ka f< /o f We
have to prove that [, f <limy [, f.

We take an integrable g, compactly supported inside G (recall [9b2](a)),
such that ¢ < f on G. By compactness, there exists kg such that g < f- ]lgko.
Then [ g< kaO f <limy, [, f. The supremum in g proves the claim. O

9b11l Corollary (monotone convergence for volume). For open sets

G,G1,Gq,--- cR™, 2
Gt G = v.(Gy) tu(G).
9b12 Remark. Let G1,Gy, - ¢ R™ be (pairwise) disjoint open balls. Then
0. (GrwGaw...)=v(G) +vGa) + ...

even if the union is dense in R™ (which can happen; think, why).

!Compare it with 4c7: _[(f+g9)> [ f+ [ g
2Really, this is easy to prove without [9b10| (try it).
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9c Special functions gamma and beta

The Euler gamma function T' is defined by!
(9cl) [(t) = f 2" tedz  for te (0,00).
0

This integral is not proper for two reasons. First, the integrand is bounded
near 0 for t € [1,00) but unbounded for ¢ € (0,1). Second, the integrand has
no bounded support. In every case, using 0b10]

k
I'(t) = lim 2 le™®dr < o0,
koo J1/k
since the integrand (for a given t) is continuous on (0,00), is O(z!™!) as
x — 0, and (say) O(e*/2) as x - oo. Thus, I': (0,00) — (0, 00).
Clearly, I'(1) = 1. Integration by parts gives

k k
_ |k 1 -
f xtemdx=—xtex‘f Lt ri e dx;
1/k =1/ 1/k

(9¢2) I(t+1)=tl'(t) forte(0,00).
In particular,
(9¢3) I'(n+1)=n! forn=0,1,2,...
We note that
9 1 _ra+1
(9c4) fo ze ™ dx = §F( 5 ) for a e (-1,00),

since [, z%e ™ do = [° u/2e 2‘%. For a = 0 the Poisson formula (recall

gives
(9¢5) 1“(1) =7

2
Thus,

m+1ly 1 3  2n-1
9¢6 T 2.2 _
(9<6) ( 2 ) 272 5 VT

The volume V,, of the n-dimensional unit ball (recall [9b8)) is thus calculated:

(9¢7) V, =

'This is rather I'|(g c0)-
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Not unexpectedly, V3 = w2 _ w4

By |9b5 %F(%M) Oﬂ/QcosaesiandQ = %F(“T”)%F(’“Tl) for a,be (-1, 00);
that is,

~

ONG

— for a, 8 € (0,00).
2 T(%7)

/2
(9c8) [ cos® 1 Asin®1hdh =
0

In particular,

w/ w/ I'(s
(9¢9) / 2Sina_ledQ:f 2cos;c“lﬁdﬁzﬁ-(—Ql).
: o > (e

The trigonometric functions can be eliminated: foﬂ/ cose10sin® 1 0dl =

i 0”/2 cos®2fsin® 26 - 2sinf cosfdd = & [1(1 - w)* 30T du; thus,

(9¢10) /leo‘_l(l—:v)ﬁ_ldsz(a,/B) for o, B € (0,00),
where
(9c11) B(a, ) = H()T(5) for v, 5 € (0, 00)

I(a+p)
is another special function, the beta function.

9c12 Exercise. Check that B(z,z) =2'"2*B(z, 3).!
9c¢13 Exercise. Check the duplication formula:?

2\2;; ['(z) F(a: + %) :

9c14 Exercise. Calculate fol /1 - x2dz.

Answer: 57—2
9c15 Exercise. Calculate [~ zme " dx.

Answer: %F(WT”)

['(2x) =

9c16 Exercise. Calculate [, 2™ (Inz)" dz.
(-1)"n!

Answer: W .

'Hint: /0”/2 2sinfcost 201 4
2Hint: use
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9¢c17 Exercise. Calculate Oﬂ/ 2 \/%.
. I2(1/4)
Answer: N
9c18 Exercise. Check that I'(¢)['(1-t) = [~ % dr for 0<t< 1.t

We mention without proof another useful formula

oo t-1
[ L dx = _W forO0<t<1.
o l+=x sin 7t

There is a simple proof that uses the residues theorem from the complex
analysis course. This formula yields that T'(¢£)I'(1-¢) = == for 0 <t < 1.

sin 7t

Is the function I' continuous?

For every compact interval [to,t1] ¢ (0,00) the given function of two
variables (t,z) = xt~le~* is continuous on [tg, 1] % [%, k], therefore its integral
in z is continuous in t on [tg, ;] (recall 4e6(a)). Also,

k
f/ 77 'e®dx - I'(t) uniformly on [to, ],
1/k

since fol/kﬁ*le*‘” dz < fol/k ghldr - 0 as k - oo and [, at"ledx <
f,:o xh-le®dxr - 0 as k - oo. It follows that I' is continuous on arbitrary
[to,t1], therefore, on the whole (0, c0).

In particular, tT'(¢) =T'(t+1) - I'(1) = 1 as t - 0+; that is,

F(t):%+o(%) ast—>0+ .

9d Change of variables

9d1 Theorem (change of variables). Let U,V c R be open sets, p: U -V
a diffeomorphism, and f:V — [0, 00). Then
(a) (f is continuous almost everywhere on V') <
(f o p is continuous almost everywhere on U) <
((f o p)|det Dyl is continuous almost everywhere on U);
(b) if they are continuous almost everywhere, then

[ 1= [ (Fopldet Dyl €f0,e0].

Item (a) follows easily from 8c1 (similarly to the proof of 8al(a) in Sect. 8c
but simpler: 8c4 is not needed now).

"Hint: change = to y via (1+z)(1-y) =1.
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9d2 Lemma. Let U,V, ¢, f be as in Th.[0d1] and in addition, f be compactly
supported within V. Then [9d1|(b) holds.

Proof. This is basically Prop. 8d1; there U, V' are admissible, since otherwise
the integrals over U and V' are not defined by 4d5. Now they are defined

(see the paragraph after (ObI): [, f = [ [ - v (and similarly for U), and

the proof of 8d1 given in Sect. 8d applies (check it). O
Proof of Th.[9d]|(b). First, we prove that
(9d3) [ 1< [(fooldetDyl.

Assume the contrary. By [9b2{(a) there exists integrable g, compactly sup-

ported within V', such that g < f on V and [, g> [,,(fop)|det Dy|. By
[ 9= Jy(gop)|det Dy| < [,,(fop)|det Dy|; this contradiction proves (9d3)).

Second, we apply (9d3) to 1 = ¢t :V - U and f; = (f o p)|det Dy :
U - [0,00):
/flﬁf(f10901)|detD901|-
U 1%

By the chain rule, o, = idy implies ((Dgo)ogol)(Dgpl) = id, thus ((det D)o
¢1)(det Dyy) = 1. We get

f

Jiopr=(fopopr)|(det Dp) o= m;

(fio@1)ldet Dpy| = f; [;(fop)|det Dol = [, fr < [, f. O

9e Iterated integral

We consider an open set G ¢ R™*" and functions f: G — [0, 00) continuous
almost everywhere. Similarly to Sect. 5d, the section f(x,-) of f need not be
continuous almost everywhere on the section G, = {y : (x,y) € G} of G; thus,
Je, f(x,-) is generally ill-defined. Similarly to Th. 5d1 we need the lower
integral (but no upper integral this time).

We define the lower integral by again, but this time f: G - [0, 00)
is arbitrary (rather than continuous almost everywhere). That is, for open
G c R™ (rather than R™*" for now)

(9el) f f= sup{ f g ‘ g :R"™ - R integrable,
*JG R™

OSgsfonG,g:OOnR"\G}e[O,oo].
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In particular, if f is continuous almost everywhere on G, then [ f= [, f
As before, the condition on g may be reformulated as 0 < g < f-1g. Still,
9b2|(a) applies (check it). And 0b2|b) becomes: if f is bounded and G is
bounded, then _ [, f = *fRn f-1g, the latter integral being proper, that is,
defined in Sect. 4c.
Similarly to for open sets G,G1,Gs,--- c R™,

(9¢2) GG — *_/kaT*fo ¢ [0, 0o]
for arbitrary f:G — [0, 00). Similarly to [9b3(a),

1@ — */;kmin(f,k:) I *fo ¢ [0, 00].
If, in addition, G} are bounded, then we may rewrite it as

(9e3) min(f.})1g, | f f,

* JR™

the left-hand side integral being proper.

An increasing sequence of integrable functions can converge! to a function
that is not almost everywhere continuous (and moreover, is discontinuous
everywhere). Nevertheless, a limiting procedure is possible, as follows.

9e4 Proposition. If g1, g, - : R® > [0, 00) are integrable and g 1 f: R"” -
[07 OO), then /Rn 9k T *fR” f

This claim follows easily from an important theorem (to be proved in
Appendix).

9e5 Theorem (monotone convergence for Riemann integral). If ¢, g1, go, -+ :
R™ - R are integrable and gj, 1 ¢, then [p. gx 1 [zn g

Proof that Th. [9e] implies Prop. [9e4. Clearly, gi. 1 f implies limy, [ gx < [ f;
we have to prove that limy [ g, > [ f. Given an integrable g < f, we

have min(gx,¢) 1t min(f,g) = g and, by , [ min(gx,g) * [g. Thus,
[ g <limy [ gg; supremum in g gives _ [ f <limy [ gi. [

We return to an open set G c R™*" and its sections G, c R” for x € R™.

'Pointwise, not uniformly.
Do you think that _ [ gt , [ f for arbitrary (not integrable) gi? No, this is wrong.
Recall fi of 4e7 and consider 1 — f.
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9e6 Theorem (iterated improper integral). If a function f: G — [0, 00) is
continuous almost everywhere, then

*/Rmdw*/@dyf(%y)=ﬂf(x,y)dxdy € [0, 00].
G

Unlike Th. 5d1, both integrals in the left-hand side are lower integrals.
The function z » _ [ . 4y f(z,y) need not be almost everywhere continuous,
even if G = R? and [ is continuous. Moreover, it can happen that z —
. [ f(x,-) is unbounded on every interval, even if f: R? - [0, 00) is bounded,
continuously differentiable, [p, f < oo, and f(z,y) - 0, Vf(z,y) - 0 as
2?2+ y? - oo. (Can you find a counterexample? Hint: construct separately
flrxpar ore1y for each k.)

It is easy to see (try it!) that [, f does not exceed the iterated integral;
but the equality needs more effort.

Proof. We take admissible open sets G ¢ R™" such that G, 1 G,! and
introduce f; = min(f, k)1lg,, that is,

flx,y), if (z,y) € Gy and f(z,y) <k,
fk(xvy): ka if (xvy)eGk and f(l',y)Zk,
0, if (x,y) ¢ Gy.

By Lebesgue’s criterion 6d2, each f; is integrable. By , Jamen fe 1 o f
the left-hand side integral being proper.

Given z € R™, we apply the same argument to the sections fi(z,-), f(z,-),
(Gr)e, G, taking into account that fi.(z,-) need not be integrable, and we

et
8 *fRnfk(:c,.): *Anmin(f(x,-),k)ﬂGk(m’.) T *szf(:c,-).

By Th. 5d1 (applied to fy), the function x —~ _ [, fr(z,-) is integrable, and
its integral is equal t0 [gnin f&. Applying Prop. to these functions we get

/Rmmfk:/]gm(x'_)*fwf’“(w")) T */m(ﬁ'ﬁ*_/xf(%'));

but on the other hand, [pu fi 1[5 f- m

9e7 Corollary. The volume? of an open set G ¢ R™*" is equal to the lower
integral of the volume of G, (even if G is not admissible).

!For example, we may use the interior of the union of all N-pixels contained in G'n
[-N,N]".

>That is, v.(G) if G is bounded; and [, 1 (in fact, the Lebesgue measure of G) in
general.
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9f Multidimensional beta integrals of Dirichlet
9f1 Proposition.

// p11 b ldry L da, = L(p1)---T(pa)

F(p1+ +pn+1)

..k >0,
x1+ +xp<l

for all py,...p, > 0.
For the proof, we denote

I(p1,...,pn) = // gt bt dey L day,

...xn>0,
x1+ +xn<l

This integral is improper, unless py,...,p, > 1.

9f2 Lemma. I(p1,...,pn) =B@n,p1+ - +Dn1 + DI(P1,- -+, Pne1)-

Proof. The change of variables £ = ax (that is, & = azy,...,§, = ax,) gives
(by Theorem [Od1}')

f[ el ey dE, = aP P I (py, . pa)  for a> 0.

517-~'€n>07
E1++€n<a

Thus, using 9e6| and (9c10)),

I(p1,...,pn) /dxnmpn_l ff pll.. p’“ldxl dx,_1 =

- 1>0
331+ +:cn 1<l-xp

1
= A xﬁn_l(l - xn)p1+...+pn71[(p17 cee 7pn71) dxn =

=I(p1y- -y Pn-1)BPryp1 4+ pa1 +1).

[l
Proof of Prop. [9f].

Induction in the dimension n. For n =1 the formula is obvious:

[1 P1— 1d.’L'1 1 _ F(pl) .
0 p T(pi+1)

'But a linear change of variables does not really need it is a simple generalization
of 7cl or even (4h5).
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From n -1 to n: using 9f2] (and (9c11))),

T+ s+ 1) T(p). . T(pas)
C(py+---+py+1) C(pi+-+paa+1)
_ F(pl)-"r(pn)
C(pi+-+p,+1)

]

I(pla"'apn) =

A seemingly more general formula,

L(2).. . I(&
[f ey L day, = L (71) (7”)

results from by the (nonlinear!) change of variables y; = x}j .
A special case: py=---=p, =1, 1= =7, =p;

(3)
[f dﬂ?l---dﬂ?nzm-

We've found the volume of the unit ball in the metric [,:

2nr (1)

v(By(1)) = m

If p = 2, the formula gives us (again; see (9c7))) the volume of the standard
unit ball:

27rn/2
nl(3)

We also see that the volume of the unit ball in the /;-metric equals i—?
Question: what does the formula give in the p - oo limit?

V= U(Bg(l)) =

9f3 Exercise. Show that

/[ o(x1+- +x,)dey ... da, = (nll)'f o(s)s" tds

a:1+ +x,<1
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for every “good” function ¢ :[0,1] - R and, more generally,

1 _
// o(xy +- - +xy)ad bt day . day, =

T1++Tn<l
T1yeeny >0

_T(p1)...T(pn)
F(pl +- +pn

)f o(u)uPr*Prtdy,

Hint: consider

f ds ¢'(s) ff el dey L da,

T1++Tn<s
T1,...,2n>0

9g Non-positive (signed) integrands

We define /C;(g_h):/Gg_th

whenever g,h: G — [0,00) are continuous almost everywhere and [, g < oo,
[ b < oo; this definition is correct, that is,

fgl—fhffgz—fhz whenever g1 —hy = g2 — ha,
G G G G

due to [Qhot

gi—hi=g2-hy = g1+hy=gp+hy = fG(91+h2)=/G(92+h1) —

:>f91+[h2=/92+fh1:>[91—/h1=[92—/h2-
G G G G G G G G

9g1 Lemma. The following two conditions on a function f:G — R contin-
uous almost everywhere are equivalent:

(a) there exist g,h: G — [0, 00), continuous almost everywhere, such that
Jog<oo, [h<ooand f=g-h;

b) [ |f] < oo.

Proof. (a)=(b): Jglg-hl < [o(lgl+ ) = Jg lgl+ [ ] < oo.
(b)==(a): we introduce the positive part f* and the negative part f- of

f
fr(a) =max(0, f(z)), f(2)=max(0,~f(2));
=S =00 =+ 0

they are continuous almost everywhere (think, why); [, f* < [,|f] < oo,

Jof < Jolfl <oojand f+—f~=f. 0

(9g2)



Tel Aviv University, 2016 Analysis-IIT 123

We summarize:

(93) L= =[5

whenever f: G — R is continuous almost everywhere and such that [, |f] <
co. Such functions will be called improperly integrable! (on G).

9g4 Exercise. Prove linearity: [ cf =c [, f for c € R, and [,(fi1 + f2) =
Ja it Jo fo

Similarly to Sect. 4e, a function f: G — R continuous almost everywhere
will be called negligible if [,|f| = 0. Functions f,g continuous almost ev-
erywhere and such that f — ¢ is negligible will be called equivalent. The
equivalence class of f will be denoted [ f].

Improperly integrable functions f : G — R are a vector space. On this
space, the functional f — fG| f] is a seminorm. The corresponding equiva-
lence classes are a normed space (therefore also a metric space). The integral
is a continuous linear functional on this space.

If G is admissible, then the space of improperly integrable functions on
G is embedded into the space of improperly integrable functions on R™ by

frfdg.
9g5 Proposition (exhaustion). For open sets G, G1,Gs, - c R”,

Gi1G — kaf»fo ¢R

for all improperly integrable f: G — R.

9g6 Theorem (change of variables). Let U,V c R" be open sets, p: U -V
a diffeomorphism, and f:V — R. Then
(a) (f is continuous almost everywhere on V') <=
(f o ¢ is continuous almost everywhere on U) <
((f o)|det Dyl is continuous almost everywhere on U);
(b) if they are continuous almost everywhere, then

L1s1= [1(re)det Dl e [0,00]:

(c) and if the integrals in (b) are finite, then

/VfZ/U(fow)|detho| eR.

In one dimension they are usually called absolutely (improperly) integrable.
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9g7 Exercise. Prove and [0g6]

9g8 Exercise. If 0 <ty < t; < oo, then the function (z,t) » zt-le®lnx is
improperly integrable on (0, 00) x (tg,%1), and

t )
f Cdt / dratte*Inz=T(t;) - (o).
to 0

Prove it.1

9g9 Exercise. (a) The function ¢ ~ [~ z*le®Inxzdz is continuous on
(0, 00);

(b) the gamma function is continuously differentiable on (0, 00), and
I'(t) = f ' le®Inxdr for 0<t<oo;
0

(c) the gamma function is convex on (0, o).

Prove it.
Index
beta function, [115 monotone convergence
. for integral,
change of variables, for volume, [[T3
equivalent, [123] o
exhaustion, negligible,
gamma, function, [T14] Poisson formula,
improper integral | £ ball. T4 [T
signed, T2, 23 volume of ball, [I14] [I2]]
unsigned,
~ . B, I3
improperly integrable, [123]
iterated improper integral, [f],]123
f' G
linearity, [123] 7,122
lower integral, T, [114

'Hint: applytwice, to f* and f~.
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