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3 Infinite independent sequences

3a Independent events
Continuous probability spaces are needed here; triangle arrays do not help.

3al Definition. (a) Events Ay, Ay, ... are independent if for every n the
events Ai,..., A, are independent;

(b) random variables X7, Xy, ... are independent if for every n the ran-
dom variables Xy, ..., X,, are independent;

(c) o-algebras Aj, As, ... are independent if for every n the o-algebras
A1, ..., A, are independent.

The relation
P(Xl € BhXQ € BQ,...) :P(Xl € Bl)]P)(XQ € BQ)

holds for independent random variables X,, and Borel sets B,, C R, but is of
little use.

3a2 Exercise. Let (€2, F, P) be (0, 1) with Lebesgue measure, and 1, fa, - - - :
2 — {0, 1} binary digits;

n

w= i ful) , liminf §,(w) =0.
n=1

Then f(,, are independent random variables; also, 3, = 14, , and A, are
independent events of probability 0.5 each (“a fair coin tossed endlessly”).
Prove it.

Treating (3, as random variables we observe that the random variable
U= >, 2"p, is distributed uniformly on (0,1), that is, Fy(u) = u for
0<u<l.

We introduce random variables

Uy = 212_n/82n—1 , Uy = Zl 27" Bon, -
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For each n the random vector (51, fs, . . ., fon—1) is distributed like (51, B, . . ., Bn);
therefore Y 27% a1 is distributed like >°}'_ 2773, that is, Fy, (u) =
Fy(u) whenever u is dyadic (that is, of the form k/2"); it follows that
Fy, = Fy. We see that U; is distributed uniformly on (0,1); the same
holds for Us,.

For each n the random vectors (1, s, ..., B2n—1) and (B2, By, - - ., Pon)
are independent (think, why), therefore Fyj, v, (u1,u2) = Fr, (u1)Fp,(ug) for
all dyadic uy,us, and for arbitrary uq,us as well. We see that Uy, Us are
independent.!

vOONWN N SR

Graph of U Approximating the curve {(Uq ( 0<w<1}

Similarly we may introduce Uy, Us, ... by

= Z 27 Ban-1(25-1)
k=1

and check that these are an infinite sequence of independent random vari-
ables, each distributed uniformly on (0, 1).2

Now, given py,ps,--- € [0,1], we may consider events A, = {U, < p,}
and check that they are independent, and P (An) = Pn.

Let events Aj, As,... be independent. The sum S = > 7, 14,, the
random number of occurred events, can be finite or infinite.

3a3 Theorem. ? (a) If Y2 | P(A;) < oo then S < oo almost surely;
(b) if 372 P(Ay) = oo then S = oo almost surely.

These (a) and (b) are called Borel-Cantelli lemmas. Independence mat-
ters for (b) but not (a). For independent events, P (.S < 0o) is either 0 or 1,
which is a special case of Kolmogorov’s 0—1 law.

3a4 Exercise. Let Uy, Us, ... be independent random variables, each dis-
tributed uniformly on (—1,1). Then

Instead of dyadic numbers and CDF we could use dyadic algebra; it generates the
Borel o-algebra.

2[W, Sect. 4.6].

3[KS, Sect. 7.1, Lemmas 7.3, 7.4]; [D, Sect. 1.6, (6.1) and (6.6)].
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(a) the sequence (nU, ), is dense in R a.s.;
(b) the sequence (n?U,)%, is not dense, and moreover, n?|U,| — oo a.s.
Prove it.

If A, are independent, IP’(Ak) — 0 but ZkIP’(Ak) = 00, then the in-
dicators X = 14, converge to 0 in L,(€2) but not almost surely; more-
over, limsup, Xi(w) = 1 for almost all w € 2. (There is a simpler, non-
probabilistic example on Q2 = (0,1).)

Proof of Bad(a) (the first Borel-Cantelli lemma)

Sp=> Mo ESi=pi+-+pn, p=P(A);

k=1
P(S,>M)1tP(S>M) asn— oo; (wrong for “>"1)

ES, pi+-tp._ 1
P(S, > M) < == gM;P(Ak);

M M

P(S>M) g%;P(Ak)io as M — oc.

Another proof: the sequence S, is increasing and E S,, is bounded, there-
fore S, 15 < 00 a.s.

End of proof of BaJ(a) (the first Borel-Cantelli lemma)

Proof of Ba3|(b) (the second Borel-Cantelli lemma)

(Clearly E .S = 0o, but we need much more. .. )

Ee -
P(S, < M) =P(e™ =) < = :eMggpk-e—1+£1—pk>-1ls
B 1—=(1—e1)p

< eMexp (—Zpk-(l—e’1)>¢0 as n — 0o; (since 1 —e <e™)
k=1
P(S<M)=0 forall M.
Another proof: Ee™» — 0 (as before); Ee™ <Ee ®; Ee ™ = 0.

End of proof of Ba3|(b) (the second Borel-Cantelli lemma)
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Let Ay be equiprobable, of probability p each (“unfair coin”).
3a5 Proposition. (4, + -+ 1,4,) — p (as n — co) almost surely.

This is a special case of the Strong Law of Large Numbers (see Bb2]), but
also of the following fact (less general and much simpler to prove).

3a6 Proposition. (Borel’s strong law of large numbers) Let X, be inde-
pendent, identically distributed random variables such that E X{ < oo, then
L(X1+ -+ X,) = EX; almost surely.

3a7 Exercise. (a) It is sufficient to prove for E X; = 0.
Let X,, be as in [3afl

(b) If EX; = 0 then E (X + -+ + X,,)* ~ 3n?(E X})2.
Prove it.

Proof of Bafl. Assuming E X; = 0 and denoting S,, = X; +- - -+ X,, we have
E(S—”)4 = O(=5); ZNE(S—:)‘l < o0 Zn(%”)‘1 < 00 a.s.; (%)4 — 0 a.s.;

n

S—; — 0 a.s. O
3a8 Exercise. For S, as in 1a5 (the simple random walk),

Sp,=o(n) as.
Prove it.

Compare it with 1a5. Convergence in L, is rather evident, but almost
everywhere convergence is not.

A real number z € (0, 1) is called 10-normal, if its decimal digits ay, ag, . . .
defined by

= — +—=4...; ay, e, €40,1,2,3,4,5,6,7,8,9}

have equal frequencies, that is,

#{kell,n]:ar=a}

1
— 1 BN (for all a)

and moreover, their combinations have equal frequencies, that is,

k Loy = = ay, ... 1=
#{ke[l,n]:ap=a1, a1 = ag,..., 001 = a1} o S ST - 50
n 10!
for all ay,...,a; and all [. Similarly, p-normal numbers are defined for any

p=2,3,.... Finally, x is called normal, if it is p-normal for all p.
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3a9 Proposition. Normal numbers exist.
Proposition follows from Proposition Bal(l
3al0 Proposition. ! Almost all numbers are normal.

That is, the set of all normal numbers is Lebesgue measurable, and its
Lebesgue measure is equal to 1. This is Borel’s normal number theorem
(1909).

Proof. Tt suffices to treat a single base, for instance 10, and a single combi-
nation of digits, for instance “71”:

#{kel[l,n]:ap =T a1 =1} . 1
n 100
Splitting these k into even and odd numbers we note that it suffices to treat
the two cases separately; for instance, the odd case:
#H{k:2k—1<n,ag_1="T a9 =1} R 1
n 200

as n — 00. (7)

(?)
or equivalently,

#{k:2k—1<n,ag_1="T a9 =1} L b
ik 2k —1<n} 100

as n — 0o,

which is a special case of 3ab. U

Do not think that the normality exhausts probabilistic properties of (dig-
its of) real numbers.

3all Proposition. The series

o0

28, — 1
2.7

n=1

converges for almost all x € (0,1). (Here (i, fa, ... are the binary digits of

By the way, the sum of the series, f(z) = >
measurable) function. Especially,

mes{z € (a,b) : f(z) € (¢,d)} >0

(1)

, is a terrible (but

for all intervals (a,b) C (0,1), (¢,d) C R (here ‘mes’ stands for the Lebesgue
measure). Surely we cannot draw its graph!
Here is a probabilistic counterpart of Balll

1D, Sect. 6.2, Example 2.5].
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3al2 Proposition. The series % + % + % + ... converges almost surely.
(Here Xy, X,,... are independent random signs.)

Convergence in Ly is rather evident, but almost everywhere convergence

is not. See also [3b3] and
Propositions Balll and BaI2 will be proved in Section [3bl

3al3 Proposition. A measurable function f : R — R satisfying f(z +
27") = f(z) for all z € R and n = 1,2,... is constant almost everywhere.

In other words: there exists a € R such that f(z) = a for almost all x.
(It need not hold for all z.) This is an analytical counterpart of the following
probabilistic fact.

3al4 Proposition. Let X, Xo,... be independent random signs, and a
random variable Y be of the form Y = f,(X,,, X;,11,...) for all n. Then Y
is constant a.s.

This is a special case of Kolmogorov’s 0—1 law (see BhT).

3b Independent random variables

Let F' and F}, be as in 1c2.

3b1l Theorem. !

sup |F,(z) — F(z)] - 0 amost surely, as n — co.
zeR

This is the (strong form of) Glivenko-Cantelli theorem.

Proof. By 1c3, for every € > 0 there exist m and t; < --- < t,, such that

M((—oo,tl)) <e¢, :u((tlth)) S, M((tmflvtm)) <e¢, M((tm7+oo>) <e.

Similarly to the proof of 12, if |, ((—00,#]) — pu((—o0,tx])| < e and

lpn (=00, 1)) — (=00, t))| < e for all k then sup, |F,(t) — F(t)| < 3e.
By Bafl this happens eventually (almost surely), for every e > 0 sepa-

rately. Therefore, almost surely it holds for all £ > 0 simultaneously. U

1D, Sect. 1.7, (7.4)].
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STRONG LAW OF LARGE NUMBERS

3b2 Theorem. ' Let X, X, ... be independent identically distributed ran-
dom variables. If E | X;| < oo then

Xi+---+ X,
n

—EX, as asn— 0.

This is the Strong Law of Large Numbers. Compare it with 1cl, and
It appears that [3b2] is much harder to prove.

3b3 Proposition. ? (Kolmogorov) Suppose Xi, Xs,... are independent
random variables with E X, = 0. If > Var(X,,) < oo then the series »_ X,
converges almost surely.

Postponing the proof of Bh3l we first show that it implies Bh2

Before treating random series, recall convergence of series Y a, of real
numbers (a,, € R), and do not confuse it with convergence of positive series
(a, > 0); do not write > a, < oo instead of “>" a, converges”, and note
that > a, can converge while »_ b, diverge even if a, /b, — 1.

3b4 Lemma. (Kronecker) If z,, € R are such that ) “» converges then
Tit+-+Tn
e ().

n

Zn

Proof. (sketch) In terms of y, = %=, x,, = ny,, it takes the form

1 2
if Z Yn converges then —y; + —yo + - - + Eyn — 0.

n n n

In terms of S,, =y1 + -+ + Yn, Yo = Sn — Sp_1, it takes the form
1

ifSn—>Sthen Sn__(Sl+"'+Sn—1) — 0,

n

which is easy to check. O

Proof of Bb2l (strong law of large numbers)
assuming Bb3] (to be proved later)

By the first Borel-Cantelly lemma [Ba3d|(a), |X,| < n eventually, since
S B (Xl > ) = S, B(1X] > ) < B[] < oo,

LD, Sect. 1.7, Items (7.1) and (8.6)]; [KS, Sect. 7.2, Th. 7.7].
2[D, Sect. 1.8, Th. (8.3)].
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We introduce Y;, = X,,-1_,, ,,(X;,) and note that Y“L';LY" — X“L';LX" — 0
almost surely, since X,, —Y,, — 0 almost surely. Thus it is sufficient to prove
that 1+t B X, as.

We introduce Z,, = Y,, —EY,, and note that EY,, = E (X1 | [ (Xl)) —
E X,, therefore Yitut¥n _ Z14- +Z" = ]EY1+'T'L'+]EY" — E X;. Thus it is suffi-
cient to prove that M — O a.s.

By Bb4l, it is sufﬁment to prove that ) = Zn converges almost surely.

By Bb3], it is sufficient to prove that EVar(Zn") < 00.

We have Var Z,, = VarY,, < EY;?; it remains to prove that > #E Y? <
00.

In fact, Yo7 SEY? < 2E|Xy|, since Vy > ;0 1y—2 Ak (y) < 20yl
Indeed, for y € (n — 1,n| we have

=1, 1 2 2
DoV sl = Y psis) =
k=n k=n

N - 1+/°°dx_1+1<2
n? k:n+1k2_n2 e

End of proof of Bh2l assuming [3h3l

Kolmogorov’s maximal inequality

The following result is needed for Bh3l

3b5 Proposition. Let X, ..., X, be independent random variables, E X =
0 and EX? < oo for k =1,...,n. Then, for every ¢ > 0,

2

ES
IP’( max | S| Zc) < —".
k c

:17...771

(Here S,, = X; + -+ + X,,.)

3b6 Remark Evidently, P(|Sx| > ¢) < ]ESQ < 232 thus, max; P(]Sk >

However, Kolmogorov’s result is much stronger' Also, evidently,
P(maxk \Sk| >c¢) <3 P(|Sk] > ¢) < 53, ESE but it does not help: the
latter may grow as n (try Xy = X3 =---=0).
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Here is the first proof, for the discrete case; it shows the idea! used
afterwards in the second, general proof. (We do it for the quadratic function,
but the proofs work for every convex function.)

E(Sn|Xi1,.... X)) =8k, thus E(S2|X1,...,Xk) > Sp;
(by conditional Jensen, or just conditional E X* — (E X)? > 0)
introduce disjoint events A = {|S1| < ¢,...,|Sk-1] < ¢, |Sk| > ¢}
E(Sﬁ‘Ak) > E (SZ]lAk) > cZIP’(Ak) :
E (SZ]IAIM..@AR) > CQ]P(Al W - An) :
ES? > CZP(HI]?X|Sk| >c).

Here is the second (final) proof.
Proof of [3b3]

We introduce disjoint events A; as before and prove that E (S,%]lAk) >
?P(Ay,) as follows. We have

E(S:la,) = / (x1+ -+ 20)? pa(dey) . pg(dy)
BkXRnfk
where

Br={(x1,...,xp) s |x1| <,y + o d o] <o |lxy - 4wk > e}

we rewrite the integral as

Lul(dxl)---ﬂk(dxk)/ (214 + 20) 1 (dwggr) - o (dzy)

Rn—k

taking into account that (for every a)

/ . Sa' + Tr41 + -+ xn)% Mk+1(d$k+1) Ce ,un(dxn) Z (1,2
Rn—

-~

=a?42a(zpp1+-FTn)F(@pp1++an)?

we get

2 [ (e (o) (m ot 2 P (AL)
By,

Vv
>c?

End of proof of Bbi]

IThis idea, “stopping”, will be the tenor of Part 2 of the course.
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Proof of Bb3l

We’ll prove that the partial sums S, are a Cauchy sequence a.s., that is,

lim sup |Sy — S| =0 a.s.

n ki>n

These suprema, being a decreasing (in n) sequence, converge a.s.; in order to
prove that their limit vanishes a.s. it is sufficient to prove that

Ve >0 P(sup |[Sp—S|>2)——0.
k,lZH n— o0
We have, using [BbA

]P’(sup ISk — Si| >25) §]P’<sup\5k—5n| >g> —

k,>n k>
1 o0
:limIP’( max |Sk—Sn|>z—:) < = E Var X;, —— 0.
m k=n,...,n+m 82 n—00
~ v k=n+1
SHEXR++ X0 )

End of proof of Bb3)]

The proof of Bb2| (strong law of large numbers) is now complete.

ZERO-ONE LAW

3b7 Proposition. Let X;, Xs,... be independent random variables, and a
random variable Y be of the form Y = f,(X,,, X,11,...) for all n. Then Y
is constant a.s.

This is a form of Kolmogorov’s 0-1 law. (See also Bal4dl) Basically, it
holds because every measurable function of X, X,,... is approximately a
measurable function of X, ..., X, (see BhI4).

3b8 Exercise. Let X7, X,,... be independent random variables, and S, =
Xi 4+ -+ X,. Then the following events are of probability 0 or 1 each:

S, converge;

S, are bounded;

S, are bounded from above;

S,, are bounded from below.
Deduce it from Bh7
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Recall the o-algebras generated by random variables: o(X), o(X,Y)
etc.; o(X,Y) consists of sets of the form {w : (X(w),Y (w)) € B} for Borel
B C R2 Rewriting (X (w),Y (w)) € B as Ip(X(w),Y(w)) = 1 we see that
a o(X,Y)-measurable indicator function is of the form ¢(X,Y’) where ¢ is
a Borel measurable indicator function on R?. It follows (but not immedi-
ately) that the same holds for R-valued (rather than {0, 1}-valued) functions
(the Doob-Dynkin lemma); this is why o(X,Y)-measurable functions are
often called measurable functions of X,Y. Similarly, o(Xi, X, ...)-mea-
surable functions are often called measurable functions of X;, Xs,... Here
o(Xi, Xa,...) is the least o-algebra making all X} measurable. Denoting
FX =o0(Xn, Xpi1,...) we have

F2 } (the tail o-algebra) = ﬂ]—",fo :

Measurability w.r.t. the tail o-algebra is measurability w.r.t F° for every n.

It holds for Y of Bb7 and Bal4l

3b9 Proposition (Kolmogorov’s 0-1 law). ! If X, are independent then the
tail o-algebra is trivial.

Denoting FJ' = o(Xy, ..., X,) we have F' 1 0(X1, Xa,...) = F;° in the
sense that F7° is the least o-algebra that contains all F7'. That is, F;° = o(&)
where £ = U, F".

3b10 Exercise. (a) £ is an algebra;
(b) € need not be a o-algebra.

Prove it.

Hint: (b) try binary digits.

By 1b6, & is dense in o(&), that is,
(3bl1) inf PLAAE)=0 forall Ae€o(€)

Ee€
whenever £ is an algebra (not just U,o(Xq,...,X,)).

3b12 Exercise. If a o-algebra is independent of (all events of) an algebra
€ then it is independent of o(E).
Prove it.

Proof of Kolmogorov’s 0-1 law. Independence of F* and F:<, implies inde-
pendence of 7' and the tail o-algebra for every n. By BbI2lthe tail o-algebra
is independent of F7°, therefore, of itself! O

1D, Sect. 1.8, (8.1)]; [W, Th. 4.11].
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Baldl Baldl and follow.

Here is another useful consequence of (3bII)).

3b13 Exercise. Let F; C F5, C --- C F be sub-c-algebras, and F,, =
o(Fi, Fay...). Then

Lo(Fw) is the closure of U Ly(Fy) -

Prove it.
Hint: for an indicator function in Ls(F) use (BhII); their linear combi-
nations approximate every bounded function.

In particular,

(3b14) Ly(0(X1,X5,...)) is the closure of U Ly(o(Xy,..., Xn))

whenever X, X5, ... are random variables (not just independent).
Some more applications of zero-one law (and CLT).

3b15 Exercise. For the simple random walk (S,,),,
(a) sup,, |Sn| = o0 a.s.;

(b) liminf, S, = —oo and limsup,, S,, = oo a.s,;
(c) sup{n : S, =0} = 0o a.s.
Prove it.

Hint: (a) maxy(Sknin — Skn) = n; (b) use (a) and Bb& (c) use (b).
3b16 Exercise. For the simple random walk (.5,,),,

£

Sy,
liminf — = —oo and limsup =00 a.s.

nooVn no VN

Prove it. < <
Hint: sup, "% = oo (using 2al).
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