Tel Aviv University, 2014/15 Analysis-IILIV 161

10 Improper integral

10a What is the problem ... ............. 161l
10b Positive integrands . . . ... .. ... ... ... [162]
10c Newton potential . ... ... ... ........ 166
10d Special functions gamma and beta . . . ... .. 169
10e Normed space of equivalence classes . . . . . .. 173l
10f Change of variables . .. ... ........... 077l
10g Multidimensional beta integrals of Dirichlet . . [1I79

Riemann integral and Jordan measure are generalized to unbounded func-
tions and sets.

10a What is the problem

The n-dimensional unit ball in the {, metric,
E={(xy,...,z,)  |51[P + - - + |2,|? < 1},

is a Jordan measurable set, and its volume is a Riemann integral,

oE) = [ 1.

of a bounded function with bounded support. In Sect. we’ll calculate it:
nywn (1
2T (1)

= ey

where I is a function defined by
I(t) = / g7 le " dx fort > 0;
0

here the integrand has no bounded support; and for ¢ = 110 < 1 it is also un-
bounded (near 0). Thus we need a more general, so-called improper integral,
even for calculating the volume of a bounded body!

In relatively simple cases the improper integral may be treated via ad hoc
limiting procedure adapted to the given function; for example,

[e's) k
/ e ®dr = lim e dr .
0
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In more complicated cases it is better to have a theory able to integrate rather
general functions on rather general n-dimensional sets. Different functions
may tend to infinity on different subsets (points, lines, surfaces), and still,
we expect [(af +bg) =a [ f+0b [ g (linearity) to hold, as well as change of
variables.!

10b Positive integrands

We consider an open set G C R™ and functions f : G — [0, 00) continuous
almost everywhere. We do not assume that G is bounded. We also do not
assume that G is Jordan measurable, even if it is bounded.? “Continuous
almost everywhere” means that the set A C G of all discontinuity points of
f satisfies m*(A) = 0, recall Sect. 8f; but now A need not be bounded. For
our purposes it is enough to know that m*(A) = 0 if and only if m*(A4;) =0
for every bounded A; C A (we may take this as the definition). We can use
the function f - lg equal f on G and 0 on R™ \ G, but must be careful: 1l
and f - Ig need not be continuous almost everywhere.
We define

(10b1) /fzsup{/ g‘g:R”%Rintegrable,
G Rn
OSgSfonG,g:OonR"\G}6[0,00}.

The condition on g may be reformulated as 0 < g < f - 1.

10b2 Exercise. (a) Without changing this supremum we may restrict our-
selves to continuous g with bounded support; or, alternatively, to step func-
tions g;

(b) if f is bounded and G is bounded, then [, f = _ [5. f- 1, and in
particular, [, 1 =v.(G);

(c) if f is bounded and G is Jordan measurable, then the integral defined
by is equal to the integral defined by (6g16).
Prove it.

! Additional literature (for especially interested):
M. Pascu (2006) “On the definition of multidimensional generalized Riemann integral”,
Bul. Univ. Petrol LVIII:2, 9-16.
(Research level) D. Maharam (1988) “Jordan fields and improper integrals”, J. Math.
Anal. Appl. 133, 163-194.

2A bounded open set need not be Jordan measurable, even if it is diffeomorphic to a
disk, as was noted in Sect. 8e (p. 138).

3 According to 8e, v.(G) = «w(G) = m(G).


http://bmif.unde.ro/docs/20062/2%20PascuM.pdf
http://www.sciencedirect.com/science/article/pii/0022247X88903733
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10b3 Exercise. Consider the case G = R", and let || - || be a norm on R".
(a) Prove that

f = lim min(f(m),k) dz .

R k=00 J 1z <k

(b) For a locally bounded! f prove that

f = lim f(z)dz.

R o0 Sy <k
(c) Can it happen that f is locally bounded, not bounded, and fRn f < oo?

10b4 Example (Poisson). Consider

[:/ e ol dz .
R2

On one hand, by [10b3| for the Euclidean norm,

k 27 k2
I = lim //e_(‘”2+y2) dxdy = lim rdre_r2/d9 = lim W/e_“ du=m.
k—o00 k—o00 k—o00
224y <k? 0 0 0

On the other hand, by [10b3| for ||(z,y)| = max(|x|,|y]),

k k +o0o 9
I = lim // e~ @) dady = lim (/e_m2 dx) (/e_y2 dy) = (/e_””2 dx) ,
k—o0 k—oc0
lz|<k,|y|<k —k —k —o0

and we obtain the celebrated Poisson formula:

“+o00

/erdx:ﬁ.

—0o0

10b5 Exercise. Consider

I= // 2yPe” @+ dzdy € [0, o0]

z>0,y>0

!That is, bounded on every bounded subset of R™.
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for given a,b € R. Prove that, on one hand,

00 , w/2
I= (/ ratbtle=r dr) (/ cos“@sinb9d6’> ,
0 0

and on the other hand,

1= (/ % dx) </ 2be’ d:c) )
0 0

10b6 Exercise. Consider f : R? — [0,00) of the form f(z) = g(|z|) for a
given ¢ : [0,00) — [0, 00).
(a) If g is integrable, then f is integrable and [g, f = 2 [[* g(r)rdr.
(b) If g is continuous on (0,00), then [o, f =27 [~ g(r)rdr € [0, 00].
Prove it.!

10b7 Exercise. Consider f : R" — [0, 00) of the form f(z) = g(||z|) for a
given g : [0,00) — [0,00) and a given norm || - || on R™.

(a) If g is integrable then f is integrable, and [, f =nV [~ g(r)r"tdr
where V' is the volume of {z : ||z| < 1}.

(b) If g is continuous on (0, 00), then [, f =nV [~ g(r)r™~'dr € [0, c0].

c) Let g be continuous on (0, 00) and satisfy

g(r) ~r* forr — 0+, g(r) ~r’ forr — +oo.
Then [ f < oo if and only if b < —n < a.
Prove it.?
10b8 Example. [, e lelPdz = nv I e dr; in particular,

fR" e 1o dz = nV, fooo r"Le=* dr where V,, is the volume of the (usual) n-di-
mensional unit ball. On the other hand, [, e 17" dy = (Jo e’ dz)" = 7"/2.

Therefore
n/2

v, = T

- X n—1,—1r2 :
nfor e " dr

Not unexpectedly, V5 = 5 = .

Clearly, [, cf =c [, f for c € (0,00).

10b9 Proposition. [,(fi+ f2) = [, fi+ [, f2 € [0,00] for all f1, fo > 0 on
GG, continuous almost everywhere.

Hint: (a) either polar coordinates, or 9g4; (b) use (a).
2Hint: (a), (b) similar to 9g4, using also 9¢3 and 6g12; (c) use (b).
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Proof. First we prove that [,(fi + f2) > [, fi + [ fo.' Given integrable
g1, 92 such that 0 < g; < f; - g and 0 < g5 < fo - g, we have fgl+fggz
(g1 + 92) < Jo(f1 + f2), since g1 + g» is integrable and 0 < g; + go <
(fi + f2) - 1g. The supremum in g, g2 gives the claim.

It remains to prove that [,(fi + f2) < [, fi + [, fo, that is, [g <
Jo 1 + [ [2 for every integrable g such that 0 < g < (fy + f2) - Ig. We
introduce ¢g; = min(f1,9), go = min(fs, g) (pointwise minimum on G; and 0
on R™\ G) and prove that they are continuous almost everywhere (on R™,
not just on G). For almost every = € GG, both f; and ¢ are continuous at x
and therefore g, is continuous at z. For almost every x € dG, ¢ is continuous
at x, which ensures continuity of g; at x (irrespective of continuity of f;),
since g(x) =0 (x ¢ G). Thus, g, is continuous almost everywhere; the same
holds for gs.

By Theorem 8f1, the functions ¢, go are integrable. We have g; + go >
min(f; + f2,9) = g, since generally, min(a, ¢) + min(b, ¢) > min(a + b, ¢) for
all a,b,¢ € [0,00) (think, why). Thus, [g < [(g1 +g2) = [g1+ [ g2 <
Jofi+ o fo,since 0 < g1 < fy1 -1, 0< g2 < fo- g L

10b10 Proposition (exhaustion). For open sets G, Gy, Gy, - -+ C R",
616 — [ r1 [rebo)
Gy, G

for all f: G — [0, 00) continuous almost everywhere.

Proof. First of all, ka f< ka+1 f (since 0 < g < f-1g, implies 0 < g <

[ 1g,,,), and similarly, kaf < fo, thus kaf T and limg kaf < fG f.
We have to prove that [, f < limy ka f.

Let a step function g : R® — R satisfy 0 < g < f - 1g; we have to
prove that [ ¢ < limy ka f, but we’ll prove that moreover, [ g < limy ka qg.
By linearity, WLOG, g = 1¢. for a box C', C° C G. By , kag =
Jn Jeene, = v.(C°NGy) and [, g = v(C); by 89, v,(C° N Gy) T v (C°N
G) = v(C°). O

10b11 Exercise. Let G; C G5 C R™ be two open sets, and f : G5 — [0, 00)
continuous almost everywhere. If f =0 on G; \ Gy, then fG2 f= fGl f.

Prove it.?

10b12 Exercise. The following four conditions on a function f : G — [0, c0)
continuous almost everywhere are equivalent:

!Compare it with (6d10).

2Hint: just (10bI).
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—

10c Newton potential

By the celebrated Newton’s law of universal gravitation, the gravitational
force exerted by a particle of mass m at point £ on a particle of mass mg at
point x is —Gmomge(x), and —Gmge(-) is the gravitational field generated
by m,

r—§

(10c1) ge(z) = go(x — &) = m = —VU(z —¢§);

here the function Uy : z — ﬁis proportional to the gravitational potential
(energy), and G is the gravitational constant.? The reason to replace the
force by the potential is simple: it is easier to work with scalar functions
than with the vector ones.?

What happens if we have a system of point masses 1, ..., px at points
&1y ooy &7 The forces are to be added, and the corresponding potential is

k
VW=
=1 !

A continuously distributed mass is described in physics by its density p.
Mathematically it means that the density is a point function, the mass is
an additive box function, and these two functions are related according to
Sect. 6a (and 8c): the mass within a box B is [, p. Generally, p is not quite
integrable but improperly integrable; and still, the mass within a box B is
assumed to be [, p (improper integral) for evident physical reasons; and the
total mass is [g p.

Hint: (b)=(c)==(d): easy; (d)==>(a): use a); (a)==(b): otherwise f(-) > ¢
on some neighborhood of x.

2G ~6.674 - 10711 N(m/kg)?; that is, if m = u = 1kg and |z — £| = 1 m then the force
is ~ 6.674 - 1071 newtons.

3Knowing the force F' one can write down the differential equations of motion of the
particle (Newton’s second law) moZ = F, or & = GVU (note that my does not matter).
Then one hopes to integrate these equations, thus finding out where is the particle at time
t.
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Similarly, the potential is assumed to be —GU, where U, ( fR3 o §| d¢;

this integral is improper (in general) and must be finite.!
Let us compute the potential of the homogeneous mass distribution, of
density 1, within the ball of radius R centered at the origin:

) a
Unlz) = /M T—q

Due to rotation invariance (Theorem 9cl), Ug is a radial function, that is,
depends only on |z|. Thus, it suffices to compute Ug(z) at the point = =
(0,0,a), a € [0,00). The integral is proper for a € (R, c0) and improper for
a € [0,R].

First, consider the proper integral, for a > R. Using the spherical coor-
dinates £ = (rcos psin @, rsin@sinf, r cos ) (recall 9b3) we have

/ 49 / r? sin 6 d6
r2m =
V/(a —rcosf)?+ r2sin® g

/ & 27?/ r?sin 6 df
\/CL2—2GT‘COSQ+7’2.

()

Intuitively, the under-braced expression V,(r) is the potential of the homo-
geneous sphere of radius r; but rigorously, integration over spheres and other
surfaces will be treated much later. We compute V,(r) using the variable

t =+va2 — 2arcosf + 2.

Thena—r <t <a-+r, and tdt = arsinfdf. We get

2

“TEdt 27mr
Va(r) = 27Tr2/ L Ty

art  a a

T

I'Mathematical rigorosity is of little interest to physicists, and still, the distinction
between proper and improper integrals may be physically sound. Imagine a material ball of
mass M and radius R, consisting of a large number of uniformy distributed “particles” that
are balls of mass m and radius r. Outside the (large) ball, near its surface, the gravitational
field is GM/R? in a good approximation. Inside the ball, near the surface of a “particle”,
the gravitational field of this single “particle” is Gm/r?. Let M = 1kg, R = 0.1m,
m = 10"2%kg, r = 10~ 4 m; then M/R?* = 100kg/m? while m/r? = 1000 kg/m?. Here, a
single “particle” generates a field 10 times stronger than the improper integral that will
be calculated! Do not think that such parameters are physically unrealistic; these m, r are
the parameters of a typical atomic nucleus.
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Now we easily find Ugr(z) by integration:

R R 2 4 3 4 3
Ur(x) = / Vo (r)dr = 47r/ " dr = i = i
0

fi > R.
0o @ 3a 3|z o |l

We turn to the case a < R, and treat the improper integral by exhaustion:

. dg d§
U =1 -
r(2) vl (/|§<a8 |z — ¢ * /a+5<|§|<R |z — §|)

- Jim. (/OHVQ(T) dr+/R Vi(r) dr) _ /ORva(r) dr € [0,00],

ate

the latter integral being improper, since V, need not be bounded near a.
2 .
For r < a we have V,(r) = 47~ as before. For r > a we still use t =

Va2 —2arcosf + 12, and t is still strictly increasing in 6 € (0, ), but now
va? —2ar+1r?2=r—a,thusr —a <t <r+a, and we get
Tretdt  2mr

Va(r) = 27?7“2/ — - 2a = 47r.

r—a a1t a

A surprise: V, appears to be bounded near a, and extends by continuity to
(0, R), thus the one-dimensional integral may be treated as proper. We have

R a ’1“2 R
Ug(z) :/ Vo (r)dr :/ 4 — dr—l—/ drr dr =
0 0 a a
2 R @2 2 2
- 4w(“—+——a—) = TR —a?) = §<3RQ—|x|2) for 0 < |2| < R.

The case a = R is easy: Ug(x) = fOR Vo(r)dr = fOR 47r§ dr = 47r§—2 — @
for |x| = R. The function Ugr appears to be continuous. Finally,

Ur() £l for |z] 2 R,
€T =
& 2 (3R — [z[2) for |z < R.

Observe that 4mR3/3 is exactly the total mass of the ball. That is, to-
gether with Newton, we arrived at the conclusion that the gravitational po-
tential, and hence the gravitational force exerted by the homogeneous ball on
a particle is the same as if the whole mass of the ball were concentrated at its
center, as long as the point is outside the ball. Of course, you heard about
this already in the high-school.
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Another important conclusion is that the potential of the homogeneous
sphere does not depend on the point inside the sphere!’ Hence, the gravita-
tional force is zero inside the sphere. The same is true for the homogeneous
shell {£ : a < |£] < b}: there is no gravitational force inside the shell.

10c2 Exercise. Check that all the conclusions are true when the mass dis-
tribution p is radial: p(&§) = p(&') whenever €| = [£'].

10c3 Exercise. Find the potential of the homogeneous solid ellipsoid (x?* +
y?)/b* + 2% /c* < 1 at its center.

10c4 Exercise. Find the potential of the homogeneous solid cone of height
h and radius of the base r at its vertex.

10c5 Problem. Show that at sufficiently large distances the potential of a
solid is approximated by the potential of a point with the same total mass
located at the center of mass of the solid with an error less than a constant
divided by the square of the distance. The potential itself decays as the
distance, so the approximation is good: its relative error is small.?

10d Special functions gamma and beta

Integrating a function of two variables in one variable we get a function
of the other variable. An interesting example was seen in 7e2: the func-
tion F(t) = Oﬂ/z
F(t)=mln @ But generally it is not elementary. Here is a much more
important example. The Euler gamma function I' is defined by?

In(#? — sin? z) dz appeared to be the elementary function

(10d1) I'(t) = / ' te™dx fort € (0,00).
0

This integral is not proper for two reasons. First, the integrand is bounded
near 0 for ¢ € [1, 00) but unbounded for ¢ € (0, 1). Second, the integrand has
no bounded support. In every case, using [LOb10},

k

I'(t) = lim 2 le ™ dz < o0,

since the integrand (for a given ¢) is continuous on (0,00), is O(z'™!) as
x — 0, and (say) O(e™*/2) as x — oo. Thus, T': (0, 00) — (0, 00).

!Since V,(r) does not depend on a for a < r.

2This estimate is rather straightforward. A more accurate argument shows that the
error is of order constant divided by the cube of the distance.

3This is rather T o)-
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Clearly, I'(1) = 1. Integration by parts gives

k k
/ rle ™ da = —xte_ﬂ:_l/k + t/ e dx;
1/k - 1/k

(10d2) C(t+1)=1tI'(t) forte (0,00).

In particular,

(10d3) I'n+1)=n! forn=0,1,2,...

We note that

o 2 1 1
(10d4) / e dr = —F(a i > for a € (—1,00),
; 2\ 2
since [;° 2% dz = [ u¥/2e 2‘17“5. For a = 0 the Poisson formula (recall
10b4)) gives
1
(10d5) F<§> = .
Thus,
2n+1 1 3 2n —1

10d r( > -2 ,
(1046) 2 2 2 2 v

The volume V,, of the n-dimensional unit ball (recall [L0b§)) is thus calculated:

(10d7) y— "
tEI(E)
Not unexpectedly, V3 = LB L
IG) 5avm 3
( 1By )10b§, D (tbe2) OW/Z cos®fsin®6df = iT(2tt) - ir(YL) for a,b €
—1,00); that is,
/2 1 P(E)r(E
(10d8) / cos® 1 9sin?1de = 5% for a, 8 € (0,00).
0 2

In particular,

/2 /2 1‘\
(10d9) / sin®'9df = / cos® 10 df = ﬁ . g—
0 0
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The trigonometric functions can be eliminated: fow/ cos*10sin®10do =

% Oﬂ/Z cos® 20sin’ 26 - 2sinf cosfdh = % fol(l - u)%ﬂug du; thus,

(10d10) /1 271 —2)’Vder = B(a, B) for o, 3 € (0,00),
0

where

(10d11) B(a, B) = L(@)T(B) for v, 6 € (0, 00)

F'(a+3)
is another special function, the beta function.

10d12 Exercise. Check that B(z,z) = 2% B(x, 1).
Hint: foﬂ/2(2sin30059)2x—1 de.

10d13 Exercise. Check the duplication formula:

2x—1 1
N(2r) === F(x)F<x+ 5) .
Hint: use [10d12
10d14 Exercise. Calculate fol /1 — x2dzx.
Answer: ;—2

10d15 Exercise. Calculate fooo e " dz.

Answer: %F(MTH)

10d16 Exercise. Calculate fol 2™ (Inz)™ dz.

(=1)™n!

Answer: SRR

. /2 dx
10d17 Exercise. Calculate 0 Teosz:
I2(1/4)

Answer: NI

10d18 Exercise. Check that I'(p)['(1 —p) = [;° 5“11:; dx.
Hint: change x to ¢t via (1 4+ x)(1 —1¢) = 1.

We mention without proof another useful formula

o0 p—l
/ $ dx = ,W for0<p<1.
o 14z sin mp

There is a simple proof that that uses the residues theorem from the complex
analysis course. This formula yields that I'(¢)['(1 — t) = =~

sinmt”
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Is the function I' continuous?

For every compact interval [tg,?;] C (0,00) the given function of two
variables (¢, z) — z'~'e™® is Lipschitz continuous on [tg, t1] x [%, k:}, therefore
the integral is Lipschitz continuous on [ty, 1] (recall 7b). Also,

k
/ " le™dx — I'(t) uniformly on [tg, ],
1/k

since fol/k e le dr < fol/k zho~ldr — 0 as k — oo and fkoo e dr <
[ e tem"de — 0 as k — oo. It follows that I is continuous on arbitrary
[to, t1], therefore, on the whole (0, c0).
In particular, tI'(t) =T'(t +1) — I'(1) = 1 as t — 0+; that is,
1 1
I'(t) = ¥+0<¥) ast— 0+ .

Is the function I' differentiable?
By Theorem T7el the function ¢ +— flk/k 2 te ™ dx is continuously differ-

entiable, and its derivative is t — flk/k 27 le @ Inx da; this relation results

from application of Prop. 7b4 (iterated integral) to the function (t,z) +—
Dat-le™ = z''e™®Inx on [ty, t1] x [+, k]|. Regretfully, iterated improper
integral is not an easy matter.! Instead, we use exhaustion, as follows. As
before,

k 00
/ e lnadr — / v le " Inxzdr uniformly on [to, ]
1/k 0

(check it), therefore

t1 k t1 00
/ dt/ e Inzdr —>/ dt/ e Ingdr.
to 1/k to 0

On the other hand,

k t1 k '
/ dx/ dtzt e Inz = / (xt_le_z‘;t ) dz =
1/k to 1/k 0

k k
= / 2" e " dr — / o te " dr — T'(t) — I'(to) .
1/k 1/k

f £ :0,1]x[0, 1] — [0, 00) is improperly integrable, then f, : y — f(z,y) is improperly
integrable on [0,1] for almost every x; however, the function ¢ :  — [ f, need not be
improperly integrable. Rather, ¢ is equivalent to a function semicontinuous from below
(possibly, unbounded on every interval), and _[¢ = [ f.
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Thus, T'(t1) —T'(to) = [, dt [;~ 2'"'e™ Inx dz, which implies

F’(t):/ g le ™ Inrdr.
0

Similarly, I” is differentiable; continuing this way we get

r®(t) = / e le ™ (Inz)*dz for k=1,2,...
0

10e Normed space of equivalence classes

173

In order to integrate signed functions we reuse the simple trick of (8el). We

define

Ja=m=[o=[n

whenever g, h : G — [0, 00) are continuous almost everywhere and | cJ < o0,

fG h < oo; this definition is correct, that is,

/91—/h1:/92—/h2 whenever g; — hy = g — ha;
G G G G

proof:

(10e1)

gi—hi=gs—hy = gi1+hy=g+hi = /(91+h2):/(92+h1) -
G G

:>/91+/h2:/92+/h1:>/91—/h1:/92—/h2.
G a a G G G G G

10e2 Lemma. The following two conditions on a function f : G — R

continuous almost everywhere are equivalent:

(a) there exist g,h : G — [0,00), continuous almost everywhere, such

thathg<oo, th<ooandf:g—h;
b) [, If] < oo

Proof. (a)=(b): [, |g—hl < [(lg] + |k]) = [ 9] + [ k| < oo

(b)==-(a): we introduce the positive part f and the negative part f~ of

f.
f@) =m
(1063) =0 f=fr s =

ax(0, f(x)), f (z)=max(0,—f(x));

they are continuous almost everywhere (think, why); [, f* < [, [f] < oo,

Jo = = Jolfl <oopand fF—f~=f.

[]
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We summarize:

(10e4) /sz/Gf+—/Gf‘

whenever f : G — R is continuous almost everywhere and such that [ |f| <
oo. Such functions will be called improperly integrable* (on G).

10e5 Exercise. Prove linearity: fG cf = chf for c € R, and fG(f1 + f2) =
fG fi+ fG fa:

Similarly to Sect. 6e, a function f : G — R continuous almost every-
where will be called negligible if [, |f| = 0. Functions f, g continuous almost
everywhere and such that f — g is negligible will be called equivalent. The
equivalence class of f will be denoted [f].

Improperly integrable functions f : G — R are a vector space. On this
space, the functional f — | o |f] is a seminorm. The corresponding equiva-
lence classes are a normed space (therefore also a metric space). Similarly to
6e3, the integral is a continuous linear functional on this space.

If G is Jordan measurable then the space of improperly integrable func-
tions on G is embedded into the space of improperly integrable functions on
R" by f— f-1g.

10e6 Lemma. Let G; C G5 C R"™ be two open sets, and f : Gy — R
continuous almost everywhere. If f = 0 almost everywhere on Gs \ G1, then
f - 1g, is continuous almost everywhere on (G5 and equivalent to f.

Proof. The set A ={x € Gy \ Gy : f(x) # 0} is of Lebesgue measure 0. If
f is continuous at x € Gy while f - g, is not, then clearly x € G5 \ G1; and
moreover, z € A (since limy_,, f(t) = 0 implies lim,,, (f(¢) - 1, (¢)) = 0).
Thus, f- 1, is continuous almost everywhere on GG5. Finally, f-1g, = f on
Gy \ A. O

In particular, if G contains almost all points of Go (that is, G5 \ G is
of Lebesgue measure 0),2 then the condition “f = 0 almost everywhere on
G2 \ G1” holds vacuously; in this case the values of f on G5\ G; do not
influence the equivalence class of f.

10e7 Corollary. Let G; C Gy C R” be two open sets, and f : G — R
improperly integrable. If f = 0 almost everywhere on Gy \ G, then fGQ f=

Jo I

In one dimension they are usually called absolutely (improperly) integrable.
Warning: this condition implies v,(G1) = v.(G2) and is implied by v, (G1) = v.(G2) <
00, but is not implied by v.(G1) = v.(G2) = oo.
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Proof. First, [, f = [o f - lg, since [f] = [f - lg,] by [L0e6 Second,
Jo, T Mg, = [, f* by [LOb11} the same holds for f~, and therefore for

fF=r=r O

Once again, if GGy contains almost all points of G, then we get fGQ f=
Ji, f for all f improperly integrable on Gs.

We may admit a function f partially defined on G, provided that for
almost every z € G, f is defined near x.1? In other words: f: G\ A — R,
and the (relative) closure of A in G is of Lebesgue measure 0. In this case
almost all points of G belong to (G \ A)°. Such partially defined functions
may be used as well as functions defined on the whole GG, whenever only
equivalence classes matter.

Thus, we need not hesitate saying that, for instance, f_ll I;% = ﬁ for
a < 1, even though the integrand is undefined at 0.

10e8 Proposition (Exhaustion). Let open sets G; C Gy C --- C G C R"
be such that UyGj contains almost all points of G. Then

/Gf—>/Gf as k — 0o

for all f improperly integrable on G.

Proof. First, the open set G = UrG_contains almost all points of G, there-
fore [, f = [z f. Second, G\ 1 G;|10b10| gives kaf = ka ft-— ka fm—
Jeft=Jaf~=Jaf =

In particular, if G, are also Jordan measurable and such that f is defined
and bounded on each Gy, then | G f is the proper (Riemann) integral, and

we obtain the improper integral [ o J as the limit of proper integrals.

10e9 Proposition. Let G C R™ be an open set, and f an improperly in-
tegrable function on G.*> Then there exist Jordan measurable open sets
G1 C G5 C ... such that G, C G, U,G), contains almost all points of G, and
f is defined and bounded on every Gj.

INot just “at z”!

2In fact, for every set A C G of Lebesgue measure 0 (even if dense in G), every
function f : G\ A — R continuous almost everywhere can be extended to a function
G — R continuous almost everywhere (and all such extentions evidently are mutually
eqiuvalent). Hint: liminf; ,, ;eq\a f(t) < f(2) < limsup,_,, jeqa f(t) for every z € A
such that f is bounded near z. Such f is continuous at every continuity point of f.

3We admit partially defined f, as explained above.
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Proof. We'll prove that for every box B C R" and every € > 0 there exists
a Jordan measurable open set Gg. C B° N G such that f is defined and
bounded on G, and v(Gp.) > v.(G N B) — . This is sufficient, since we
may take By T R" and ¢, — 0, and then the sets G, = G, ., U---UGp, .,
fit.

We take a set A C G of Lebesgue measure 0 such that for each x € G'\ A,
f is defined near x and continuous at x.! Given B and ¢, we take an open
U C G such that ANB C U and v,(UN B°) < /2. We also take a compact
set K C B° NG such that v*(K) > v.(B°NG) —e/2. Then the compact set
K\ U satisfies v*(K \U) > v*(K) —v.(UNB°) > v.(B°NG) — ¢, and every
point of K \ U has a Jordan measurable open neighborhood (just a ball, or
a box) on which f is defined and bounded. We choose a finite subcovering;
the union of the chosen neighborhoods (intersected with B°NG) is Gg.. O

The normed space of equivalence classes, introduced above, does not
admit an inner product.? Now we turn to improperly square integrable
functions; these are functions f : G — R continuous almost everywhere
and such that [ f* < oo. If [f] = [g] then [f* = [g¢* (check it via
, thus, square integrability applies to equivalence classes. We de-
note the set of all square integrable equivalence classes by i2(G),3 and often
write f € L*(G) instead of [f] € L?*(G). This set is a vector space (since
(f+9)?<(f+9)?+(f—9)?=2"+29%).

If f,g € L*(@) then their pointwise product fg is improperly integrable
(since f2 —2|fg| + g*> > 0), and we define the inner product

(10¢10) () gl = / fg

and the corresponding norm

(10e11) Il = VAL LD s that s, [[f]l = \//f2

satisfying [f] # [0] == ||[f]ll2 > O (check it via|l0b12)). We often write
(f,g) and || f||2 instead of ([f], [g]) and [|[f]||2. Every 2-dimensional subspace

of L?(G) is a Euclidean plane, which ensures the triangle inequality

(10e12) 1f +gll2 < 1fll2 + lgll2

!Not “continuous near z”!

2Tts 2-dimensional subspace of step functions is not the Euclidean plane; you may check
it similarly to the paragraph before le3.

3The widely used notation L? is reserved for the corresponding notion in the framework
of Lebesgue integration.
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and the Cauchy-Schwarz inequality

(10e13) — £ ll2llgll2 < (£ 9) < lfllallgll2-

More generally, for arbitrary p € [1,00) we introduce the norm

= ( / |f|p)1/p

on the vector space LP(G) of [f] such that [|f[P < oo (two special cases
p =1 and p = 2 being already treated). The triangle inequality

1F+glle < 171+ Nlglls

follows from convexity of the ball {f : [|f[? <1} (recall lel4); convexity of
the ball follows from convexity of the functional f — [ |f[? (recall 1e13); and
convexity of this functional follows from convexity of the function t — |¢|P
(similarly to 1el5). The triangle inequality ensures that LP(G) is a vector
space. The Holder inequality

- ~ 1 1
[ o] <Usllally for r € @) g € D@, 431,
is obtained similarly to 6d15(b) (but harder); first, ab < %p + % for a,b €

[0, 00); second,

1 111 9
< min | =|lcf|]P + =||= = .
[ o] < mip (Glest+ 226]) = hAilal

10f Change of variables

10f1 Theorem. Let U,V C R" be open sets, ¢ : U — V a diffeomorphism,
and f:V — R. Then

(a) f is improperly integrable on V if and only if (f o ¢)|det Dy| is
improperly integrable on U; and

(b) in this case
/fz/(fw)!detDw!-
v U

Proof. We reuse the arguments from the proof of Theorem 9al. There, U
and V are assumed to be Jordan measurable, but this assumption is used
only in the last paragraph of the proof. Before that we constructed Jordan
measurable open sets Vi T V (denoted there by K?)' such that V, C V,

I'But notations U, V are swapped there; compare 9al and 9a2.
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the sets ¢~ (V}) = Uy 1 U are Jordan measurable, U, C U, and we showed
that the claim of the theorem (for Riemann integral) holds for every f whose
support is contained in some V}, therefore, for every f with a compact support
inside V.

Now, given f:V — R, we note that

f is improperly integrable on V' if and only if
it is improperly integrable on each Vj, and
hmk ka |f’ < 00,

and in this case [, f = limy ka f.

Similarly,

(f o )| det D¢ is improperly integrable on U if and only if
it is improperly integrable on each Uy, and
limy, [, (f o ¢)|det Dy| < o0,

and in this case [, (f o ¢)|det Dyp| = limy [, (f o )| det Dyl.

Thus, in order to prove the theorem for arbitrary f it is sufficient to prove
it for f whose support is contained in some V.

Theorem 9al, applied to the diffeomorphism |y, : Uy — Vi, gives the
needed claim for proper integration, that is, for bounded f (boundedness of
(fop)|det Dy follows, since the determinant is bounded on Uy). It remains
to generalize this claim to unbounded f : V, — R. Taking into account that
f=fT—f" we may assume that f:Vj — [0,00). We note that

f is improperly integrable on V} if and only if
each f, = min(f,¢) is integrable on Vj,
and in this case ka f=limy ka fe

(since every integrable g such that 0 < g < f- 1y, satisfies g < ¢ for some /).
Similarly, taking into account that | det Dy| is bounded away from 0 on Uy,
we see that

(f o )| det Dy| is improperly integrable on Uy if and only if
each (f, o ¢)|det Dyl is improperly integrable on Uy,
and in this case [, (f o ¢)|det Dyp| =lim, [;, (fr o p)|det Dy.

The claim follows. O]
10f2 Exercise. Prove the equality (10d10|) once again, avoiding ([10b5|) and

triginometric functions; to this end, consider

(/OOO ut Pl du> (/01 o7 (1 — 2)P ! dx)
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and change the variables u, z to t;,%, as follows:

t1 =ux u =1t +1
ty =u(l—x) r = e

10g Multidimensional beta integrals of Dirichlet
10g1 Proposition.

/m/ﬁl_l...xﬁ”_ldxl...dxn: Lpy) - Tlpn)

L(pr+--+pn+1)

T1,...20,>0,
1+t <l

for all py,...p, > 0.

For the proof, we denote

I(p1,...,pn) = /u-/:zc’fl_l...xfl"1dx1...dxn.

x1,...2n>0,
1+ Frn<l

This integral is improper, unless py,...,p, > 1.

10g2 Lemma. I(pi,...,pn) = Bpn,p1+ -+ +pp1+1)I(pP1;- -, Pn1)-

Proof. We introduce proper integrals

Is(p17"'7pn): \/"'/.Tlfl_l...xzn_ldﬂfl...diL‘n

Z1,...Tn>€,
T+ +rn <l
for ¢ > 0.1 Clearly, L(p1,...,pn) < I(p1,...,pn), and L(p1,...,pn) —

I(p1,...,pn) as € — 0+.
The change of variables £ = ax (that is, § = azy, ..., &, = ax,) gives (by

Theorem [10f1))
/ . / gnt Pl dg LA = aP TP L (py, L py)  for a > 0.

£1,...xn>ac,
r1+-tzp<a

Tf ne > 1 then I.(p1,...,pn) = 0, of course.
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We use iterated integral (proper! ):

1
_ - 11
]g(pl,...,pn):/ dx,, aPr 1 // a7t T ey ey =
g
1

X1,...-Tp—1>€,
1+t rn_1<l—zn

1
= / xﬁnil(l - xn)lererpn_l[z-:/(l—xn)<pla <. 7pn71) dxn .
€

On one hand,

1
]6(p17 s apn) S -Z(ph s 7pn—1) / :L‘Zn_l(l - xn)p1+"'+pnf1 dxn -
0
= [(p17 oo 7pn71>B(pn7p1 + +pn71 + 1)

for all , therefore I(py,...,pn) < BPn,p1+ -+ o1+ DI(p1,- -y Pr1)-
On the other hand, for arbitrary ¢ > 0,

1-6
[E(ph e 7pn) Z / l'ﬁn_l(l - xn)pl—i_m—i_pn_lje/(lfzn) (pla e 7pn71) dl'n Z
€

1-6
Z / xﬁnil(l - xn)p1+...+pn71I€/5<p17 cee Jpnfl) dxn
15

for all €, therefore

1-6
I(p1,...,pn) > / xﬁ"‘l(l — a:n)p1+"'+p"‘1[(p1, ey Pno1) dxy,
0

for all 67 and ﬁna’lly’ ](pb s 7pn) 2 B(p’rupl +- - +pn—1 + 1)](]717 s 7pn—1)’
]

Proof of Prop. [10g]
Induction in the dimension n. For n = 1 the formula is obvious:

! 1 r
/ ey = — = &
0 o T+ 1)
From n — 1 to n: using [10g2]
D(p)T(pr+ -+ po1+1) L(p1) ... T(pn_1)

I(p1,....pn) = ' B
(p1 Pn) L(py+ - +p,+1) C(pi+-+pp1+1)

P(p1> cee F<pn)
C(pr+-+pa+1)

[]
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There is a seemingly more general formula,

Y- Tn F(ﬂ+...+p_n+1)’

T1,...,n >0,
x'lyl +otzit <1

easily obtained from the previous one by the change of variables y; = 93]7 .
A special case: py = =p, =1, 1= =7, =p;

/ /dzl - ”Ilj(n<—21)

Ty azn>0
o4t <1

We’ve found the volume of the unit ball in the metric /,:

2T (1)

v(B,(1)) = PTE 1)

If p = 2, the formula gives us (again; see (10d7])) the volume of the standard
unit ball:

27Tn/2

nl'(3)

We also see that the volume of the unit ball in the /;-metric equals i—?
Question: what does the formula give in the p — oo limit?

10g3 Exercise. Show that

/m/<p(:c1+~-+xn)dx1---dwn= (n_ll)!/olgo(s)snlds

T1++zn <l
T1,...,Tp >0

V, = 'U(Bg(l)) =

for every “good” function ¢ : [0,1] — R and, more generally,

/ / (1 4+ a)2 el ey L de, =

1+ trn <l
T1,...,Tp >0

L(p1)...T(pn) ' prtpn=1 4y,
)/0 o(u)u du .

ST+ +pa
Hint: consider

/dscp / /pl Looablday L da,

1+t <s
L1y, @y >0
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almost all points, [I74]
beta function, [171

Cauchy-Schwarz inequality,
continuous almost everywhere, [162]

equivalent,
exhaustion,

gamma function, [169
gravitational constant,

Hélder inequality,

improper integral
signed,
unsigned,
improperly integrable,
inner product, [I76]

Lebesgue measure zero, [L62

linearity,
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negligible, [174]
Newton’s law, [I60]

partially defined,
Poisson formula,

square integrable, [176]

triangle inequality, [I76] [I77]
volume of ball, [I70],
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