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The ultimate theorem about integral of derivative, Stokes’ theorem is the
general fundamental theorem of integral calculus.

16a Change of variables

Given a mapping ¢ € C*(R* — R"), every singular k-box I' : B — R’ leads
to a singular k-box p o I' : B — R™. Thus, every k-form w on R" leads to
a box function I' — fwor w; it is additive (since the mapping I' — ¢ o I is).
Can we find a k-form ¢*w on R’ such that f@or w= [, p*w for all I'?

16al Definition. Given a k-form w on R™ and a mapping ¢ € C*(R* — R"),
the pullback of w along ¢ is a k-form p*w on R’ defined by

(90*w)(x7 hlv T hk) = w(@(x)v (D(P)fr(hl)a Ty (Dgp)x(hk)) =
=w(p(@), (Dn@)ar- -, (D)) for z, hy,... hy € R

The form p*w is of class C™ whenever w is of class C™ and ¢ is of class
C™*!. The mapping w — p*w is linear. For k = 0 the pullback is just the
composition: (¢*f)(z) = f(p(x)); p*f = fo¢ (no need in C™! in this
case). And *(fw) = (¢*f)(¢*w) = (f o p)¢’w for f € C'(R").

16a2 Lemma. (Yop)*w = p*(¢*w) for all o € CH(RY — R™), ¢ € CY(R™ —
R™), and k-forms w on R".

Proof. By the chain rule 2b11,
(Do) = (DV)oiw) © (Dp)s ;

thus,

((Wop)'w) (@, ha, ..., hi) = w((Yop)(x), (D(¥op))u(hn), . .., (D(¥op))s(hr))
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= w(W(p(2)), (DY) ) (D)ahn, - ., (DY) ey (Dp)uhr) =
= (V*w)(@(@), (D)sha, ..., (Dp)shy) = (" (*w)) (2, h1, ... hy) .
O

The same applies to open subsets of R, R™ R”, of course.
A singular k-box I' in R” is a C'-mapping B — R” on a box B C R¥;
the pullback I™w is well-defined,

(Tw)(u, by, ... hy) = w(F(u), (Dp, D)y (thl“)u)

for v € B° and hy,...,h;, € RF. As every k-form on RF, T™w is fpug,
where i is the volume form on R, and f(u) = (Iw)(u,eq,...,ex) =
w(F(u), (D)o ey (DkI‘)u). Thus, [THw= [, f=

[pw(T(u), (DiD)y, ..., (D)) du. It means that the definition (11el2) of

Jpw may be rewritten as

(16a3) /F w— /B I

We see that it was the integral of the pullback, from the very beginning!

Let I' be a singular k-box in Rf, ¢ € CY(R* — R"), and w a k-form on
R™. By (pol)*w = I'"(¢p*w) on B°; integrating this we get the change
of variable formula

(16a4) / w:/gp*w
ol r

for singular boxes, and therefore (by linearity in C), also for k-chains C' in
R™:

(16a5) / w:/go*w,
poC' C

where po C' = ¢1(poly) 4+ -+ ¢(pol},) for c = e I't +--- + ¢, '), In
particular, OI" is a (k — 1)-chain, and ¢ 0 dT' = O(p o I), since (recall (15e6))

o0l = ¢o<§:§: 120~ Do Ay, ) =

i=1 a=0,1

k
Z ~1)"*2a—1)poTl oA, =0(pol);

=1 a=0,1

for this chain ((16a5)) gives

(16a6) / w:/ orw.
O(pol) or



Tel Aviv University, 2014/15 Analysis-IILIV 267

16b A special case of differential form
Given a mapping ¢ € CH(R" — R*), o(z) = (¢1(),. .., ¢x(z)), we denote'
(16b1) dey N\ -+ Ndpr = @™ i
where j;, is the volume form on R¥. That is,
(dpy N -+ Ndpg)(x, by, ..o hy) = (gp(a:), (Dy)gh, ..., (Dgo)xhk) =
= det((Dgo)zhl, ey (D(,D)Ihk) = det((Dhigoj)x)M .

The last determinant shows that the mapping (1, ..., %) — dp1 A+ - Adpy,
is antisymmetric and multilinear; that is,
doi Ny A -+ Ndpiy Ndpiyr - N = (1) dpy A - A dpy,
d(pr + 1) Ndpa A -+ Ndpy, = dpr A -+ ANdpy, + dipy Adpa A=+ A dpy .
If p € C?(R" — R¥), that is, ¢1,...,0r € C*(R"), then dpy A -+ A dgy,
is of class C'.

In particular (for n = k, ¢ = id), using the informal but habitual notation
x; for the function (x4, ..., z,) — x;, we have

dey A\ -+ Ndxy, = iy ;

16b2
( ) (dxy A -+ Ndzy)(x, by, ..o hy) = det(hy, ... hy) .

The case k =n — 1 is of special interest (as before).
16b3 Lemma. For arbitrary ay,...,an, bi,...,b, € R*L,
det((ai,bﬁ)m = <a1 X oo X an,bl X X bn> .

Proof. Both sides of this formula are antisymmetric multilinear n-forms in
ar,...,a, (for given by,...,b,). Thus, WLOG, a1 = ep,,...,a, = ¢,, for

some 1 <p; <--- <p, <n+ 1. Similarly, b = ey,...,b, = ¢4, for some
1<q¢ <---<q, <n+1. Now, both sides equal 1 if p; = ¢1,...,pn = @n,
otherwise 0. O

16b4 Lemma. For every ¢ € C1(R"™! — R"), the n-form dp; A -+ A dp,
corresponds, according to (15d1), to the vector field F' : x +— Vi (z) x - -+ X

Vo (x).

n fact, it is possible to define the corresponding associative binary operation (so-called
exterior product) wy,ws — w1 Awsy (a (k + [)-form, if w; is a k-form and w9 is an I-form).
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Proof. (dpiA---Ndpy)(x, hy, ... hy) = det((Dhiwj)w)i,j = det((V% (x), hi))i,j =
(Voi(x) X -+ X Vi (), hy X -+ X hy). O

Note that (Dpyp)e = 0.
We return to arbitrary k£ and n. A bit more generally than (16b2)), for a
linear ¢ : R — R* we have Dy = o(h), thus,

(doy N -+ Ndpg)(hy, ... hy) = det(go(hl), e go(hk)) = det((gpi(hj))i7j)

irrespective of x; not depending on z, this dp; A - - - Adyy may be interpreted
not only as a differential form, but also as an antisymmetric multilinear form.
In particular, given 1 < mj; < --- <my < n,

(A, A AN d, ) (ha, ... b)) = det((hy, em,)) s
is a minor of the matrix (hq, ..., hy) corresponding to the rows my, ..., mg.
16b5 Lemma. For every antisymmetric multilinear k-form L on R”,
L= Z L(emys-oyemy) dTmy A ANdxy, .
1<my<--<myp<n

Proof. Both sides of this formula are antisymmetric multilinear k-forms;
we have to prove that they are equal on arbitrary hy, ..., h; € R". WLOG,
hi =ep,...,h = e, for some 1 < p; < --- < pp < n. It remains to note
that

1 ifmlzpla"'amk:pk7

Az, N\ ANdx,y, ey =
(dm, v k)(epl 6pk> {O otherwise.

It follows that for every (differential) k-form w on R",

W= Z fml ~~~~~ mk(x>dxm1/\"'/\dxmka
(16b6) 1<mi<--<mgp<n
fm1 ..... mk(x):(ﬂ(l',eml,...,emk).

Let o € CYR" — R™) and ¢ € CY(R™ — R¥); by Lemma [16a2, (¢ o

©) . = ©* (¥ ), hence, d(vp o)y A+ Ad(y o) = @ (dihy A -+ A\ diy),
that is,

(16b7) @ (dpr A== Ndpy) = d(Pro @) A+ Ad(Pr 0 9));
and therefore,

(16b8) e (fdvr A= Ndipy) = (fop)drop) A ANd(Yr 0 9))
for f € C1(R™).
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16b9 Lemma. If w = fdx,,, A--- Adxy,,, then dw = df Adzp,, A+ Ndzy, .

Proof. We apply both forms to e,,, €y, , . . ., €y, for arbitrary m € {1,...,n}\
{mq,...,my}. First, by 15fl,

(dw)(-y em, €mys - - s €mp.) = D (-s €mys - -y €my.) = D f

since the other terms (for i = 2,... k) in 15f1 vanish. Second,

(df NAZ oy A+ - ANdT ) ) (-5 €y €y s - -

o) = (Dmf|Dm1f...Dmkf) _D.f.

"o | 1

Finally, both forms vanish unless e,,,, ..., eny, are present among the k& + 1
chosen basis vectors. O]

16b10 Exercise. df Adzy, A~ Ndzy, =Y (Dif)dx; Ndzy,, A~ Aday,.

Prove it.!

16c Stokes’ theorem for the volume form

16c1 Proposition. [,. /i, = 0 for every singular (n 4 1)-box in R".

Here pi,, is the volume form on R™, that is, p,(x, by, ..., h,) = det(hq, ..., hy).
Clearly, dj,, = 0 (since the determinant does not depend on ), thus, fr dp, =
0, and is a case of Stokes’ theorem 15f3.

16c2 Example. n = 0; R" = {0}, I": [0,1] — {0}, oI = {0} — {0} = 0.

16c3 Example. n =1;':[0,1] x [0,1] — R;
D

c
OI' =T|ap+T|pc+Tlep +Tpa; A N ()
Joj 1 =T(B) —T(4); ) R (B)

the four signed lengths sum up to 0.

16c4 Example. n=2; T': 0,1 — R?;

H

look twice: (a) see the 3-dimensional cube;
(b) see its planar image, and note that the

six signed areas sum up to 0.

16¢c5 Lemma. It is sufficient to prove Prop. for T'€ C*(B — R").

'Hint: follow the spirit of the proof of [16b9
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Proof. Tt is sufficient to prove that C*(B — R") is dense in C*(B — R");
that is, for arbitrary I' € C*(B — R") and € > 0 there exists I'. € C*(B —
R™) such that, for all u € B°, [T'.(u) — I'(u)| < e and |(DI:), — (DI'),] < ¢;
then | fars Hn = far fin| = O(e).

Here is the proof for B = [0,1] x [0,1] C R? (the general case is similar;
see also 7d27, 7d28, Te3).

We define I', by

1 U1 Vo
Felu ) = _/ F( ’ ) dvidus,
) 62 [u17u1+5}x[u2,u2+8} 1 + £ 1 + g

then the partial derivative

0 1 1
_Fg(ulgUQ):—/ _(F(m—l—s’ () )—F( (%51 ’ () ))dw
Oy € Jiuguste] € l+e ' 14¢ l+e 1+¢
is of class C'! and converges (uniformly) to %F(ul, Usg). O

Proof of Prop. forn = 2.

By , WLOG, T' € C*(B — R?*), B = [0,1)>. By applied to
Loid, [jrpe = [,5 " pe. The 2-form I'py = dI'y A dly of class C' on B
corresponds, by , to the vector field F € C'(B — R?),

F(u) = VI (u) x VI (u).

By (15e5) and 15e3, [, = [,5(F.n) = [, div F. It remains to prove
that div F' = 0.1
We have

F1 = det(DQF, D3P) s F2 = — det(DlF, D3P) s F3 = det(DlI‘, DQF) s
(since F; = (e;, VI'1 x VI'y) = det(e;, VI'1, VI'2)), thus

div F = D1 Fy + DoFy + D3F =
= det(Dy D, D3T) + det(Dsl, Dy DT —
— det(DyDiT, DsT) — det(DyT, Do DsT)+
+ det(D3DiT, Dol) + det(DiT, D3 DT =
= det(D; D5, D3T') — det(Dy DT, DsT)+
+ det(Dol, Dy DsT) + det(DsDi T, DoT')—
— det(D1I, DoDsT) + det(DiT, D3DsT') = 0.

!Basically, we’ll examine an infinitesimal box in quadratic approximation.
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Proof of Prop. (in general).

The first part of the proof for n = 2 needs only trivial changes; I'*,, corre-
sponds to F € C'(B — R"), B = [0,1]"*,

F(u) =VI'i(u) x -+ x VI, (u);

we have to prove that div F' = 0.
Introducing

Ai = det(le‘, ey Di_lr, Di+1r, c. ,DnF) y

Bi,j =
det(le, ce ,Di_lf, Di+1F, ce 7Dj_1r, DiDjF, Dj+1F, ceey DnF) for 1 < j,
det(Dlr, . ,Dj_ll—‘, DlD]F, Dj+1F, ce ,Di_lr, Di+1l—‘, ey DnF) for j < 7:,

we have
Fi=(-1)""A;; DA = Z Bij; Bji=(=1""'By;
JijFi
hence
leF = ZDze = Z(-l)lil Z Bi,j =
i i Griti
= Y (DB = Y ((F)7 By + (-1 B;) = 0.
i,jriti i,j:<j

16d Proving Stokes’ theorem (in general)

16d1 Remark. Given p € CY(R" — RY), a (k — 1)-form w on R* and a
singular k-box I' in R™, we may consider two cases of Stokes’ theorem 15f3,

(a) [ = [ eo.
® L= [ e

The change of variables (16a4)), (16a6)) gives

/ dw:/gp*(dw), / w:/ P'w.
oI’ T O(pol) or
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Thus, we may rewrite (a) and (b) as

JHE9= f
Jor = [

In order to conclude that (a)<=>(b) we need to know that d(p*w) = ¢*(dw).!

16d2 Lemma. In order to obtain Stokes’ theorem for all (k — 1)-forms of
class C' on R it is sufficient to have it for the (k — 1)-form

Vi—1 :l‘ldxg/\"'/\dl'k
on R*.

16d3 Example. The 1-form v, on R? is z; dxo, that is, z dy. For every box
BCR? [, = [,n=0v(B).

X2 (92 A yl) +a1(yr — ) =
= (2 — 21)(y2 — ¥1)

The same holds for every “good” planar domain.
Think, what happens in three dimensions.

Proof of Lemma[16dJ. By ([16b6)), all (k — 1)-forms of class C! on RY are

linear combinations of such forms:
w= f(z)dxm N Ndpy,_,

for f € C'(RY) and 1 < my < --- < my_; < N. Due to linearity (in
w) of both sides of Stokes’ theorem, WLOG, w is as above. We introduce
¢ RY 5 RF by o(z) = (f(2),Zmys -+, Ty, ). By ([16D8), w = ¢*vp_1. By
(16b9)), dvk—1 = py and dw = df Adxpy,, A+ - - ANdx,,,_,; the latter is p* g (just

by (L6b1)). We get

d(p 1) = dw = @ e = " (dvi—1) -

It remains to use Remark [16d1] O
Ultimately we’ll see that this holds for all ¢ and w; see
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Proof of Stokes’ theorem 15f3.

By Lemma WLOG, N = k and w = ;. Similarly to we
assume that I' € C*(B — R*), B = [0,1]%. Similarly to the proof of
Prop. I™vy_1 corresponds to a vector field; by (L6b§)), this vector
field is fF where f = I'y and F = VI3 x --- x VI'x. We note that the
vector field F' is the same as in the proof of Prop. [I6¢I] but for the sin-
gular k-box u +— (Iy(u),...,Tk(u)) in R*'. As was seen there, div F =
0. By 14cb, div(fF) = (Vf,F). As before, [jLvp1 = [z 01 =
Jop(fF,n) = [, div(fF). It remains to prove that [,div(fF) = [.dve_1,
that is, [(Vf, F) = [, .

By (11el2) and the definition of fu,

/uk—/det(DIF,...,DkF)—/detDI‘.
r B B

On the other hand,

(Vf, F) = (VIy, Vs % -+ x VI},) = det(VTy, ..., V) = det DI

16e Some implications
ON DIFFEOMORPHISM INVARIANCE

16el Proposition. p*(dw) = d(p*w) whenever p € CH(R* — R") and w is
a k-form of class C'' on R”.

Proof. For every singular k-box I' in R,

/gp*(dw):/ dw:/ w:/ (p*w:/d(w*w).
r ol O(pol) or T

In particular, when ¢ = n and ¢ is a diffeomorphism, we get a one-to-
one correspondence between forms (w and ¢*w), and this correspondence
preserves all operations on forms. The calculus of forms is diffeomorphism
invariant. Its formulas look the same in all (curvilinear) coordinates!

]

16e2 Corollary. If w = fydfy A--- Adfy then dw = dfy A dfy A -+ A dfy, for
arbitrary fo, f1,..., fr € C*(R™).
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Proof. We introduce ¢ : R" — R*™ by o(z) = (fo(z),..., fi(z)), note
that w = "y, by (16b8)), dvy = pgy1, P 1 = dfo A -+ A dfy by (16b7));
and ¢*(dvy) = d(¢"vy) by [16el} O

16e3 Definition. A form w of class C! is closed if dw = 0.

16e4 Exercise. (a) If w = df; A--- Adfy, for some f1,. .., fr € C*(R"), then
w is closed.

(b) For every form w of class C? the form dw is closed.
Prove it.

That is, d(dw) = 0 always.

It is easy to generalize the pullback ¢*w (defined by to a form w
on a manifold M C R" (rather than the whole R") and ¢ : R®* — M. In
particular, for a chart (G,) of M the pullback ¥*w is a form on G, and we
may define dw as a form on M such that ¢*(dw) = d(1)*w) for all charts.
Prop. [16el] ensures existence of such dw via a counterpart of 12a9. Then it
is easy to generalize Stokes’ theorem to forms (and singular boxes) on M.
Still, k-forms on M for k+1 = dim M correspond to tangent vector fields on
M, and the exterior derivative corresponds to divergence (as in Sect. 15f).
However, formulas for divergence look differently in different coordinates;
they are not diffeomorphism invariant. Also the correspondence between
forms and vector fields is not diffeomorphism invariant.

16e5 Exercise. Let ¢ : RY — R be a diffeomorphism, and G C R¥,
Z C 0G such that the divergence theorem holds for G,0G \ Z. Then it holds
also for ¢(G), p(0G \ Z).

Prove it.!

16e6 Exercise (CONE). Consider in R? the cylinder G; = {(z,y) : 2* +9°> <
1} x (0,1), the cone Gy = {(x,y,2) : 2> +y* < 22,0 < z < 1}, and the
mapping ¢ : R® = R3 o(z,y,2) = (22,92, 2).

(a) [, ¢'w = [, w for every 3-form w on G;

(b) fociz #*@ = Jogpz w for every 2-form w on 0G5 \ Zp; here Z; =
{(z,y) : 2> +y*> = 1} x {0,1} C 0G4, Zo = {(0,0,0)} U {(z,y) : 2® + y* =
1} x {1} C 9Gq;

(©) Jo, dw =[5,z w for every 2-form w of class C* on a neighborhood
of GQ;

(d) the divergence theorem holds for Gg, 0G5 \ Zs.

Prove it.2

'Hint: [, ¢*(dw) = fw(G) dw and faG\Z orw = fw(ac\z)w'
2Hint: (c) use (a), (b); recall 15e7 and the paragraph after it.
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16e7 Exercise (CONE). Let G C R™, Z C OG be such that the divergence
theorem holds for G, G \ Z. Consider such sets in RY = R" x R:

Gi=Gx(0,1), Zy = (0G x{0,1}) U (Z x [0,1]),
Gy = {(tz,t) :x € G,t € (0,1)}, Zy ={(0,0)} U (Z x [0,1]).

Generalize to this situation; prove that the divergence theorem holds
for GQ, 8G2 \ Zz.

16e8 Exercise (SIMPLEX). Using and induction in n, obtain the diver-
gence theorem for the simplex {(z1,...,2,) € (0,00)" : &1 + -+ + 2, < 1}.

ON CONVERGENCE OF SINGULAR BOXES

Recall 15a3: two k-chains Cy, Cy are equivalent (C ~ Cy) if [ o w= J o, W
for all k-forms w of class C°. Or equivalently, of class C! (since these are
dense).

16e9 Proposition. If C; ~ (5 then 0C; ~ 0Cs.

/w:/dw:/dw:/ w.
301 Cl Cz BCZ

Now, recall convergence of paths (11bll); equivalently, 7; — < when
there exist ¢, — 0 and L such that for all ¢ € (¢, 1),

() =) <&, )] < L.

16e10 Proposition. If y; — v then fy, w— fyw for every 1-form w.
J

Proof.

]

16e11 Remark. The condition |v}(¢)| < L cannot be dropped. Here is a
counterexample:

1
v (t) = %(Cosjt,sinjt) for ¢t € [0, 27],
v () =1(0,0);
w=uxdy —ydx;

2m
1
W = / —,(COSjt . (Sinjt>/ — Sinjt . (COSjt)I) dt =27 for all ] 3
o J

/w:().
.

/

J
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Proof (sketch) of Prop.|16el0.

WLOG, w is of class C* (otherwise, approximate it by ws; € C1, |w(z,h) —
ws(x, h)| < d|h|, then |f%_(w —ws)| < 0L(t; — ty)). We take boxes B; =

[to, t1] X [0,;] C R? and define singular 2-boxes I'; : B; — R" by

() = (1= 20 + 2900,

1 - =~
&j
We have I';(-,0) = v; and I'; (-, &;) = v, thus, a@ﬁj
=7 =7+ —ay, k

u

J

fajw = O(gj), fﬁjw = O(g,), and farjw = frj dw = O(g;), since |DT;| =
o(1). 0

Prop. [16e10| is basically the converse to Prop. 11ell for £ = 1, and gen-
eralizes readily to all k.

ON VECTOR CALCULUS

We know (recall Sect. 11e) that 0-forms and n-forms on R™ correspond
to scalar fields (that is, functions), and no wonder: (8) = (z) = 1. Further,
we know (recall (15d1)) that (n — 1)-forms correspond to vector fields. Also

1-forms correspond to vector fields,

Fide,+---+ F,dx, +— F,
and no wonder: (Tll) = (n7_‘1) = n. For other £ it is harder to visualize k-forms,
since (Z) > n.

Dimension 3 is of special interest, and luckily, for n = 3 the four cases
0,1, (n—1),n exhaust all k. A single notion “exterior derivative” corresponds
(for n = 3) to three well-known operations of vector calculus: gradient (V),
curl (curl), and divergence (div), as follows.

(16e12)

0-form w=1 function
d \Y

1-form w=Fdu + Fydwy + Fy de vector field
d curl

5 form w = Fidry Ndxs + Fydxs Adry + Fsdry A dzs vector field
d div

3-form w = fdry A dzs N dg function
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USng 16b9, 16b10, d(Fl dSL’l + FQ d.TQ + Fg dl’g) = dFl A dQ?l + dF2 A dQ?Q +
dF3 VAN dl’g == <D1F2 - DgFl) dxl VAN dl’g + (D2F3 - D3F2) dl’g A dl‘g + <D3F1 —
Dng) dl‘g A dl’l, thU_S7

(16613) CU.I'l(Fl, FQ, Fg) = (D2F3 - D3FQ, D3F1 - D1F3, D1F2 — DQFl) .

Stokes” theorem for k = 2, fr dw = farw for a 1-form w on R3, gives the
“classical Stokes’ theorem” (also known as “Kelvin-Stokes theorem”, “curl
theorem” and “Stokes’ formula”): for every! vector field F' (of class C') on
R3 and every singular 2-box I' in R3,

(16e14) the circulation of F' around v = oI
is equal to the flux of curl F' through I,

the circulation of F' around v being defined as fttol (F(~(1)),~'(t)) dt.
In this sense, the curl is the circulation density, called also “vor-
ticity” (and its flux is called also the net vorticity of F' through-
out I'). A small paddle-wheel in the flow spins the fastest when
its axle points in the direction of the curl vector, and in this
case its angular speed is half the length of the curl vector.?

Index
change of variable, dzy A--+ Ndzy,
classical Stokes’ theorem, Sty m s [268
curl, 277] ., [260]
pullback, 263 5:71@@
.. I™*w, 266!

vorticity, ’

v, 277 oW,
der A -+ A dpy, [267] 4, [267]

1Since every F corresponds to some w.
2Shifrin p. 394.
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