Topological notions in R™ are insensitive to a change of basis.
Topological notions are well-defined in every n-dimensional vector space, and pre-
served by isomorphisms of these spaces.

1f18 Exercise. (a) Determinant is a continuous function A ~ det A on L(R™ - R");
(b) invertible operators are an open set;
(c) the mapping A — A~! is continuous on this open set.

1f19 Exercise. If A € L(R"™ — R") satisfies |A| < 1, then

(a) the series id—A + A% — A% + ... converges in L(R" » R");

(b) the sum S of this series satisfies (id+A)S = id, S(id+A) = id; thus, id+A is
invertible;

(c) det(id+A) > 0.

When differentiating a given mapping, we may choose at will a pair of bases. This
applies to any pair of finite-dimensional vector spaces.

1f23 Exercise. If f ¢ C'(U - R™) and g € CY(R™ - R?), then go f e C*(U - RY).

1f24 Exercise. A mapping f is continuously differentiable if and only if all parial
derivatives D; f; exist and are continuous. (Here f(z) = (fi(z),..., fm(z)).)

125 Exercise. (a) If f € C'(U) and g € CY(U - R™), then fg ¢ CY(U — R™)
(pointwise product).
(b) If f,g € CY(U - R™), then (f(-),g(-)) € C*(U) (scalar product).

1f27 Exercise. (a) Determinant is a continuously differentiable function f: A — det A
on L(R™ - R"™);

(b) (Df)ia(H) =tr(H) for all H € L(R™ - R™);

(c) (Dlog|f)a(H) =tr(A™ H) for all H € L(R™ - R™) and all invertible A € L(R" —

Rn

(1£31) [f(b) -~ f(a)| < Clo—al, C= sup [(Df)a+t(v-a)| (finite increment theorem)
te(0,1)

2a5 Exercise. For a linear A : R™ - R™ the following conditions are equivalent:

d) A is a diffeomorphism;

a) A is invertible;
e) A is a local diffeomorphism.

b) A is a homeomorphism;
c¢) A is a local homeomorphism;

2a9 Exercise. For a linear A : R™ — R™ the following conditions are equivalent:

(a) A(R*")=R™ (“onto”);
(b) A is open at 0;

(c) A is open.

2b1l Theorem (inverse function). Let f:R™ — R™ be continuously differentiable near
0, f(0) =0, and (Df)g = A:R" - R"™ be invertible. Then f is a local diffeomorphism,
and (D(f™1))o= A"

Similarly, (D(f™")) () = ((Df)s)" for all 2 near 0.

2b3 Theorem (implicit function). Let f : R™™™ x R™ — R™ be continuously dif-
ferentiable near (0,0), f(0,0) = 0, and (Df),0) = A = (B|C), B :R¥v™ - R™,
C :R™ - R™, with C invertible. Then there exists g : R®™™ — R™, continuously differ-
entiable near 0, such that the two relations f(x,y) =0 and y = g(z) are equivalent for
(z,y) near (0,0); and (Dg)g=-C™'B.

Similarly, (Dg), = -C;'B,., where ( B, | Cy)=Az = (Df)(,9(x)), for all z near 0.

2¢3 Theorem. Let f : R™ — R" be continuously differentiable near 0, f(0) = 0, and
(Df)o=A:R"™ > R" be invertible. Then f is open at 0.

2d5 Theorem. Let f: R"™™ xR™ — R™ and A, B,C be as in Th. m Then there
exists g : R x R™ — R™, continuously differentiable near (0,0), such that the two
relations f(x,y) = z and y = g(x, z) are equivalent for (x,y,2) near (0,0,0); and

(Dg)0y = (-c'B|C).

3al Theorem (Lagrange multipliers). Assume that xg € R™, 1 < m < n - 1, functions

fi915-- -y 9m : R™ > R are continuously differentiable near xg, g1(zo) = -+ = gm(x0) =0,
and the vectors Vgi(zo),. .., Vgm(xo) are linearly independent. If z( is a local con-
strained extremum point of f subject to gi1(-) = -+ = gm(-) = 0, then there exist
A, ...y Am € R such that Vf(zo) =MVgi(zo) +-+ A Vgm(z0)-
gr(x)=-=gn(x)=0 (m equations) Aly.-sAm (M variables)
Vi(z)=MVgi(z)+ -+ AnVagm(z) (n equations) x (n variables)

3a2 Theorem. Let f:R™ — R™ be continuously differentiable near 0, f(0) = 0, and
(Df)o=A:R" - R"™ be onto. Then f is open at 0.

b ... D
Ty +e+ah

1/p
) for z, >0; M, <M, forp<q.
n

My(z1,...,2,) = (

The system of m + n equations proposed in Sect. 3a is only one way of finding local
constrained extrema. Not necessarily the simplest way.

No need to find Vf when f(-) = p(g(*)); find Vg, note that Vf is collinear to Vg.

If Lagrange method does not solve a problem to the end, it may still give a useful
information. Combine it with other methods as needed.

3d1 Proposition (singular value decomposition). Every linear operator from one finite-
dimensional Euclidean vector space to another sends some orthonormal basis of the first
space into an orthogonal system in the second space.

3d2 Proposition. Every linear operator from an n-dimensional Euclidean vector space
to an m-dimensional Euclidean vector space has a diagonal m x n matrix in some pair
of orthonormal bases.

3d3 Proposition. Every finite-dimensional vector space endowed with two Euclidean
metrics contains a basis orthonormal in the first metric and orthogonal in the second
metric.

(3el) sup f =sup f + A (0)cg + -+ A (0)em + o(|c]) -
Z. Zo




3f1 Theorem. The following conditions on a set M c R™, a point zg € M and a number
ke{l,2,...,n—1} are equivalent:

(a) there exists a mapping f : R® — R""* continuously differentiable near xg, such
that (Df)z, = A:R™ - R"* is onto, and

xeM < f(z)=f(zp) forall x near zg;
(b) there exists a local diffeomorphism ¢ near xg such that
reM < o(x)eR*x{0,_,} forall z near xq;

in) of {1,...,n} and a mapping g:R* - R"7*,
%0, ), such that

(c) there exists a permutation (41, ...,
continuously differentiable near (zg,,...,

reM <= g(ziy,...,%i)=(T4,,,-.-,2;,) forall x near zg.

A nonempty set M c R" is a k-dimensional manifold, if the equivalent conditions
[BfI}(a,b,c) hold for every xo € M.

3f3 Exercise. Let ¢ : R™ - R" be a diffeomorphism, and M c R".
(a) If M is a k-manifold near g, then its image @(M) is a k-manifold near ¢(z¢);
(b) M is a k-manifold if and only if (M) is a k-manifold.

This applies, in particular, to shifts, rotations, and all invertible affine transformations
of R™.

4c7 Remark. Monotonicity: if f(-) < g(-) then */fg *fg, *ffé Yg,
ff< g.

Homogeneity: */cf—c /f, [cf:c*ff for ¢ > 0;

fcf—cff, fcf—c*ff for ¢ <0

if f is integrable then cf is, and f cf = c[ f for all ceR.

(Sub-, super-) additivity: Y(f +g)< *f f+ 7 g f(f +g)> f f+ fg,

f(f+g)—f

and for integrable f, g,

if f, g are integrable then f + ¢ is, and

)= [ s [ 1= [ s

(4d6) lev(E); LC:CU(E) for ceR;
(4d7) v(B) inf f(2) < | f<u(E)sup f(2);
(4d8) W(E)=0 —> fEf:o.

o(B) L f the mean value of f on F.

(4a2) S(EuF)=S(E)+S(F)
(4a3) vol(E) in]gf(os) <S(FE) < vol(E)sup f(x)
e zeE
(4b1) f is bounded; that is, sup If (x)] < o0,
(4b2) f has bounded support; that is, sup |x| < oo.
x:f (x)=0

(4b3) Ly(f)= Y Lyw(f), Lap(f)=2""" inf  f(z),
kezn €2~ N (Q+k)

(4b4) Un(f)= 2 Unvi(f), Uni(f)=2"""  sup f(x);
keZmn 22N (Q+k)

here @ =[0,1]"
4b5 Lemma. For every N, Ly.1(f) > Ln(f),

. Clearly, Ly(f) <Un(f) and Ly(f) =-Un(=f).
Un+1(f) <Un(f).

the integral metric.

p([F11a) =1L -Tal = [, I ~ls

We may safely ignore values of integrands on sets of volume zero (as far as they are
bounded). Likewise we may ignore sets of volume zero when dealing with volume.

The set of all (equivalence classes of) integrable functions is closed (in the integral
metric).

L(P) = Jm Ly(7).
—00 < L(f) <U(f) < oo.

U(f) = lim Un(f).
Clearly,

4c6 Proposition (linearity). All integrable functions R™ — R are a vector space, and
the integral is a linear functional on this space.

4f1 Exercise. (a) Every continuous f: R"™ — R with bounded support is integrable;
(b) every continuous function on a box is integrable on this box.

4f3 Proposition. Step functions are dense among integrable functions (in the integral
metric).

4f5 Remark. The set of all (equivalence classes of) integrable functions is the closure
of the set of all (equivalence classes of) step functions (in the integral metric).

4f7 Corollary. The set of all (equivalence classes of) integrable functions is the closure
of the set of all (equivalence classes of) continuous functions with bounded support (in
the integral metric).

4f9 Corollary. The (pointwise) product of two integrable functions is integrable.
4f14 Proposition. If E, F ¢ R" are admissible sets, then the sets En F, Eu F and
E \ F are admissible.

4f16 Proposition. (a) A function integrable on R™ is integrable on every admissible
set;

(b) a function integrable on an admissible set is integrable on every admissible subset
of the given set.




4g6 Proposition. For every bounded f:R"™ — R with bounded support,
f:sup{fgstepgsf}, f:inf{[ hstephzf}.
* R"l ]Rn R’Vl Rn

4g7 Corollary. For every bounded f:R"™ — R with bounded support,

fzsup{f gintegrablegﬁf}, ] f:inf{/ h
« JRn R" R" Rn

4g8 Corollary. A function f:R"™ — R is integrable if and only if for every € > 0 there
exist step functions g and h such that g < f <h and [z, h— [z, g <e.
4g9 Exercise. (c) for every integrable function f:R"™ — R and € > 0 there exist conti-
nuous functions g and h with bounded support such that g < f <h and [p, h— [z g <e.
4g10 Exercise. (b) additivity of the upper integral: YEwF f= 75 f+ YF f, and the
same for the lower integral.

(c) holds for lower and upper integrals.

integrable h > f} .

4h1 Proposition. f(-+a) is integrable if and only if f is integrable, and in this case

Jen fC+a) = g f-
4h2 Corollary. For every set £ c R™ and vector a € R”, the shifted set E + a is
admissible if and only if F is admissible, and in this case v(E + a) = v(F).

(4n5) " [ fazyde= [ 1,
(4h6) v(aE) =la|"v(E).

4h7 Proposition. For every integrable f : R™ — R and ¢ > 0 there exists § > 0 such

that for all a e R™
laf<d = |f(-+a)-f]<e.

4i1 Proposition. If a function f:R"™ — [0, c0) is integrable, then the set
E={(z,t):0<t< f(z)} cR" xR is admissible, and  vn41(E) = [gn f-

4i2 Corollary. If functions f,g: R™ — R are integrable, then the set
E={(z,t): f(z)<t<g(z)} cR" xR is admissible.

4i3 Exercise. For f as in[dil] the set {(z,t):¢ = f(z) >0} c R" xR is of volume zero.

(5b1)

Lowe [orew)= [ 1= [ (= [ 1)

for every step function f : R™*"™ — R. The same holds for every continuous f with
bounded support.

5b2 Exercise.
./R'rn+" flry, .. em)g(yr, -y yn)dey .. day, dyy . dy, =

= (me f(xl,...,a:m)dxl...dxm)(/Rng(yl,...,yn)dyl...dyn)

for continuous functions f:R™ — R, g:R"™ - R with bounded support.

5c6 Exercise. Consider a function f : R? — R of the form f(x,y) = g(z)h(y) where
g,h:R - R are bounded functions with bounded support.

(a) If ¢ is negligible, then f is negligible.

(b) Integrability of f does not imply that the set {x : f(x,-) is not integrable} is of
volume zero.
5d1 Theorem. If a function f:R™"™ — R is integrable, then the iterated integrals

me dx*fw dy f(z,y), [ dz [R dy f(z,y),
fn dy*me dz f(z,y), fR dy fR dz f(z,y)

are well-defined and equal to /fR f(z,y)dzdy.

Clarification. The claim that [ dz, [ dy f(z,y) is well-defined means that the function
zw _[dy f(z,y) is integrable.

The cquality [ [1@))= [ (o= [ @)

implies integrability (with the same integral) of every function sandwiched between the
lower and upper integrals. It is convenient to interpret = — [ f(z,-) as any such function

and write, as before,
Lot= [ (zm [ 1)

fdwfdyf(:my)=fff(x,y)dxdy=fdy[dwf(w7y)

even though f, may be non-integrable for some x.

and

5d3 Exercise. generalizes to integrable functions
(a) assuming integrability of the function (z,y) — f(x)g(y),
(b) deducing integrability of this function from integrability of f and g (via sandwich).

5el Exercise. If 1 c R™ and E5 c R™ are admissible sets then the set E = Ey x E5 c
R™*" is admissible.

5e2 Corollary. Let f:R™" - R be integrable on every box, and F c R™*" admissible
set; then

fEf:/]Rm(fowax) where E, = {y: (z,y) € E} cR" for z e R™.

where vy, is the volume in R¥:

(5e3) Ve (B) = [ on(Ey)da
for instance, the volume of a 3-dimensional geometric body is the 1-dimensional integral
of the area of the 2-dimensional section of the body.
5e7 Exercise. For f, g and F as in 4i2
(a) vne1(E) = fpa (9= £)";
(b) [ph=[gadzlsg(x) ffq((f)) dth(z,t) for every h: E — R integrable on E.

5e8 Remark. Here 17, is the indicator of the set {z: f(z) < g(x)}. This set need not
be admissible. And nevertheless, the iterated integral is well-defined (according to the
clarifications. .. ).



5e14 Exercise. Let f: R — R be a continuous function; then

/(;wdxl Owldmg... /Own dz,, f(z,) = [ f(t)(x t)ln)'l

5e18 Exercise. Suppose the function f depends only on the ﬁrst coordinate. Then

fvf(xl)d:v:vn,l [llf(xl)(l—xf)("_l)/zdxl,

where V is the unit ball in R”, and v,,_; is the volume of the unit ball in R®*.

(6b1) OSCf(iC())=£§£OSCf<{xI|$—1'()|<T'})7
where Oscy(U) = diamf(U) = sup,yy f(x) - infep f(2).

6b2 Theorem. . .
[ = f f= [ Osc;.
n * n R’IL

6b5 Lemma (Lebesgue’s covering number). Let K ¢ R™ be a compact set, Uy, ...
R™ open sets, and K cUyu---uU,,. Then
36>0VeeK Jie{l,....m}Vy (ly—z|<d6 = yeU;).

Um ©

6b7 Corollary. A bounded function f:R"™ — R with bounded support is integrable if
and only if Oscy is negligible.

6b8 Exercise. For a set £ c R",
(a‘) OSC]E = ]IE)E;
(b) E is admissible if and only if F has volume 0;
(c) v*(E) - v.(E) = 0" (9E);
(d) if E is admissible, then E° and E are admissible, and v(E°) = v(E) = v(FE).

6b9 Exercise. For sets E, F' c R",
(a) 0(EUF)cOEUIF,d(ENnF)cdEUdF,d(ENF)cdFEuUdF.

6b12 f is integrable on E) <= (Osc is negligible on E°).
f

6¢c2 Proposition. Countable union of sets of measure 0 has measure 0.
6¢c3 Proposition. A compact set has measure 0 if and only if it has volume O.

6c4 Exercise. (a) If Z has measure 0, then Z° = @, and v.(Z) = 0.

6d2 Theorem (Lebesgue’s criterion). A bounded function f :R"™ — R with bounded
support is integrable if and only if it is continuous almost everywhere.

6d3 Lemma. Let f : R®” - R be a bounded function with bounded support. If f is
negligible then f(-) = 0 almost everywhere.

6d4 Lemma. The set {z: Oscy(x) > ¢} is compact, for every e > 0.

7al Proposition. Let A : R™ — R" be an invertible linear operator. Then, for every
E cR”,
A(FE) is admissible <= F is admissible.

7a2 Lemma. Let A : R” - R” be a linear operator. Then, for every set Z c R" of

volume 0, the set A(Z) has volume 0.

The notion “admissible set” is insensitive to a change of basis.
This notion is well-defined in every n-dimensional vector space, and preserved by
isomorphisms of these spaces.

The same holds for the notion “volume 0”.

7b1l Proposition. If a linear operator A : R™ — R"™ preserves the Euclidean metric,
then it preserves volume.

Volume is insensitive to a change of orthonormal basis. It is well-defined in every
n-dimensional Euclidean space, and preserved by isomorphisms of these spaces.

7b3 Theorem. Let A : R” - R” be an invertible linear operator.
dmissible E c R"
acissibie & =R v(A(E)) = |det A|v(E).

Then, for every

On an n-dimensional vector space the volume is ill defined, but admissibility is well

defined, and the ratio ZEE;

defined up to a coefficient.

of volumes is well defined. That is, the volume is well

7cl Theorem. Let A : R® - R" be an invertible linear operator. Then, for every

bounded function f:R™ — R with bounded support,

|detA|*ffoA=*ff |detA|7foA= 7f.

Thus, f o A is integrable if and only if f is integrable, and in this case

|detA|ffoA:ff.

8al Theorem. Let U,V c R" be admissible open sets, ¢ : U - V a diffeomorphism,
and f:V - R a bounded function such that the function (f o ¢)|det Do|: U — R is also
bounded. Then (a) (f is integrable on V) <= (f o ¢ is integrable on U)

<= ((f op)|det Dy| is integrable on U);

and

(b) if they are integrable, then = f (f o)|det Dy|.
U

8b2 Exercise (polar coordinates in R?). (a)
fﬂ«'2+y2<R2 f(@,y) dedy = 0<r<R,0<0<27m f(rcosf,rsin@)rdrdd

for every integrable function f on the disk z? + y? < R2.

8b3 Exercise (spherical coord. in R3). ¥(r,¢,0) =
(c) |det D¥| = 2 sin .

(rcospsiné, rsinpsing, rcosh);

8b9 Proposition (the second Pappus’s centroid theorem). Let  c (0,00) x R c R? be
an admissible set and = {(z,y,2): (\/332 + y2,z) e Q} cR3. Then () is admissible, and
v3(Q) = v2(Q) - 27z, ; here Cq = (xcy,, 20, ) is the centroid of Q.

8cl Proposition. Let U,V c R™ be open sets, and ¢ : U - V diffeomorphism. Then,
for every set Z c U,
<

(Z has measure 0) (¢(Z) has measure 0).



8c4 Lemma. Let £ c R™ be an admissible set, and f : E - R a bounded function.

Then f is integrable on F if and only if the discontinuity points of f on E° are a set of
measure 0

8c5 Corollary. A set E c U is admissible if and only if ¢(F) c V is admissible.
(9b1) /Gf :sup{f g‘g:R" — R integrable, 0 < g < fon G, g =0onR" \G}.
R"L

+o00

f e dx = V7. Poisson formula

— 00

9b9 Proposition. [,(fi+f2)=[sfi+[c ]2 €

almost everywhere.

(9b4)
[0, 00] for all f1, f >0 on G, continuous

9b10 Proposition (exhaustion). For open sets G,G1,Ga,--- c R™,

16 — [ 1] [ 1 el000]
G, G
for all f: G — [0, 00) continuous almost everywhere.
9b11 Corollary (monotone convergence for volume). For open sets
G7G17G27"' cR
Gk T G = U*(Gk) T U*(G).
(9¢1) I(t) = f Lo dr for t € (0,00).
0
(9¢2) L(t+1)=tI'(t) forte(0,00).
(9¢3) '(n+1)=n! forn=0,1,2,...
(9c4) /wx“e_wzdx 1I‘(a+1) for a e (-1, 00)
= — -1, 00
0 2 ) b

(9¢5) F(;)—\/E.

2n+1 1 3 2n -1
(9¢6) i 5 ) 3y gV
7.‘.n/2
(9¢7) Vo= =7 volume of the n-dimensional unit ball
50(%)
/2 (8
(9c8) / (:08"“195111’6_19d9:1 FEING) for o, 8 € (0,00).
0 2 (2 +8
/2 1 /2 1 VT F(%)
(9¢9) f sin®™ " 0do = / cos® " 0df = —- -
: : > ()
1
(9¢10) f 2 (1-2)Ptde =B(a,8) for o, B e (0,00),
0
(9c11) B(a,B) = H(I(B) for a, 8 € (0, 00)

I'(a+p)

9d1 Theorem (change of variables). Let U,V c R" be open sets, ¢ : U - V a diffeo-
morphism, and f:V — [0,00). Then

(a) (f is continuous almost everywhere on V') <= (f o ¢ is continuous almost every-
where on U) <= ((f o ¢)|det Dy| is continuous almost everywhere on U);

(b) if they are, then fv f= fU(f o)|det Dp| €[0,00].

(9el) /f—sup [g|g'R"—>Rintegrable 0<g<fongG, g—OonR”\G}.

In partlcular if f is continuous almost everywhere on G, then [, f=[.f.

9e4 Proposition. If g1,¢o, - — [0,00) are integrable and g 1 f : R® - [0, 00),
then [p.gr 1, [ga f
9e5 Theorem (monotone convergence for Riemann integral). If g,¢1,92, .- : R® > R

are integrable and gi, 1 g, then [p. gk 1 [gn g

9e6 Theorem (iterated improper integral). If a function f: G —
almost everywhere, then

e [ s = [[ y)dey <o,00),
’ G

9e7 Corollary. The volume of an open set G ¢ R™*" is equal to the lower integral of
the volume of G, (even if G is not admissible).

9f1 Proposition.

[0, 00) is continuous

T(py)...T(p,
ff e ! .xfl”_ldxl codxy, = (1) (Pn) for all p1,...p, > 0.
8 F(pr + -+ pu+ 1)
:Ewll-;---»f;,,Kl Qnrn(l)
Volume of the unit ball in the metric [, :  v(B,(1)) = Tpl)
n +

For improperly integrable f : G — R (that is, continuous a.e. and [ |f| < o0):

(953) L= =
9g4 Exercise. Linearity: [ cf =c [, f for ceR, and [,(fi+ f2) = [o f1 + [5 fo-
9g5 Proposition (exhaustion). For open sets G,G1,Ga, - c R,

G, tG — f- fo eR.

9g6 Theorem (change of varlables) Let U,V c R™ be open sets, ¢ : U - V a diffeo-
morphism, and f:V — R. Then

(a) (f is continuous almost everywhere on V) <=
where on U)

(f o ¢ is continuous almost every-
<= ((f o)|det Dy| is continuous almost everywhere on U);

(b) if they are, then f [fl= [ |(fop)det Dy| €]0,00];
v U
(c) and if the integrals in (b) are finite, then / f= / (fop)|det Dy| €R.
v U
9g7 Exercise. (a) The function ¢ — [Ooo 2" le™® Inx dz is continuous on (0, 00);
(b) the gamma function is continuously differentiable on (0, c0), and

I'(t) = e Inzdr for 0<t<oo;
(c) the gamma function is convex on (0, 00).




