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The divergence theorem sheds light on harmonic functions and differential
forms.

4a Divergence and flux

We return to the case treated before, in the end of Sect. 3b: G C RY is a
smooth set. Recall the outward unit normal vector n, for x € 0G.

4al Definition. For a continuous F : 9G — R¥ the (outward) fluz of (the
vector field) F through 0G is
/ (F,n).
G

(The integral is interpreted according to (2d8).)

If a vector field F' on R3 is the velocity field of a fluid, then the flux of
F through a surface is the amount! of fluid flowing through the surface (per
unit time).? If the fluid is flowing parallel to the surface then, evidently, the
flux is zero.

We continue similarly to Sect. 3b. Let F € C'(G — RY), with DF
bounded (on G). Recall that, by 3b6, boundedness of DF on G ensures that
F extends to G by continuity (and therefore is bounded). In such cases we
always use this extension. The mapping F : RN \ 0G — RY defined by

F()— F(z) forzeG,
770 for v ¢ G

IThe volume is meant, not the mass. However, these are proportional if the density
(kg/m3) of the matter is constant (which often holds for fluids).
2See also mathinsight.


http://mathinsight.org/surface_integral_vector_field_introduction
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is continuous up to G, and

F(z —0n,) = F(z), F(z+0n,)=0;

divgng F(2) = —(F (), n,) .

By Theorem 3e3 (applied to Fand K = 0G),

(4a2) /G div F = /8 (P,

just the flux. The divergence theorem, formulated below, is thus proved.!

4a3 Theorem (Divergence theorem). Let G C RY be a smooth set, F €
CHG — RY), with DF bounded on G. Then the integral of div F over G is
equal to the (outward) flux of F' through 0G.

In particular, if div F = 0, then [, (F,n) = 0.

4a4 Exercise. div(fF) = fdivF + (Vf, F) whenever f € C'(G) and F €
CH{G — RY)

Prove it.

Thus, the divergence theorem, applied to fF when f € C'(G) with

bounded Vf, and F € C*(G — RY) with bounded DF, gives a kind of
integration by parts, similar to (3b12):

(4a5) /G<Vf,F>: 6Gf<F,n>—/GfdivF.

In particular, if div F' = 0, then [ (Vf, F) = [, f(F.n)

Here is a useful special case. We mean by a radial function a function
of the form f : z — g(|z|) where g € C*(0,00), and by a radial vector field
F:x— g(|z|)z. Clearly, f € C*(RY \ {0}) and F € C*(RM \ {0} — RY).
4a6 Exercise. (a) If f(z) = g(|z|), then V f(z) = %x;

(b) if F'(z) = g(|z|)z, then div F(z) = [z|¢'(|2|) + Ng(|z);

(c) if F(x) = g(|z|)x, then the (outward) flux of F' through the boundary

of the ball {z : |z| < r} is erNg(r), where ¢ = IEZT]\],V//;) is the area of the unit
sphere.
Prove it.>2

!Divergence is often explained in terms of sources and sinks (of a moving matter). But
be careful; the flux of a velocity field is the amount (per unit time) as long as “amount”
means “volume”. If by “amount” you mean “mass”, then you need the vector field of
momentum, not velocity; multiply the velocity by the density of the matter. However, the
problem disappears if the density is constant (which often holds for fluids).

2Hint: (b) use (a) and
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Taking G = {z : a < |z| < b} and F(z) = g(|z|)z, we see that [, div F =
f: N (rg'(r)+Ng(r)) dr by 4a6{(b) and (generalized) 3c8; and on the other
hand, [,,(F,n) = cr¥g(r)|’_, by 4ab(c). Well, L (rNg(r)) = r¥(rg'(r) +
Ng(r)), as it should be according to (Ha2).

Zero gradient is trivial, but zero divergence is not. For a radial vector
field, zero divergence implies that r™g(r) does not depend on r, that is,
g(r) = <% (and indeed, in this case r¢'(r) + Ng(r) = 0);

const
g —l’ N
|V

/ (F,n) =0 when G $0;
oG

note that the latter equality fails for a ball. The flux through a sphere is

F(x) divF(z) =0 fora #0;

(4a7)

ws) [ ot [ 1 S
a ,n) = const - = const -
2| =r =1 ['(N/2)
where 'const’ is as in (4a7). The same holds for arbitrary smooth set G > 0:
27TN/2
(4a9) / (F,n) = const - .
oG I'(N/2)

Proof: we take ¢ > 0 such that {z : |z| < e} C G; the set G. = {z € G :
7| > e} is smooth; by [a7), [, (F,n) =0; and G, = G W{x : |z| = e}.

4b Piecewise smooth case

We want to apply the divergence theorem to the open cube G = (0,1)%,
but for now we cannot, since the boundary dG is not a manifold. Rather,
OG consists of 2NV disjoint cubes of dimension n = N — 1 (“hyperfaces”) and
a finite number! of cubes of dimensions 0,1,...,n — 1. n=N-1

For example, {1} x (0,1)™ is a hyperface.

Each hyperface is an n-manifold, and has exactly two orientations. Also,
the outward unit normal vector n, is well-defined at every point x of a
hyperface.

For example, n, = e; for every z € {1} x (0,1)".

For a function f on G we define [, o/ as the sum of integrals over the
2N hyperfaces; that is,

(4b1) /aGf:f:Z/---/f(xl,...,xN)dej,
)

i=1 =017 n jiji

n fact, 3V —1 — 2N.
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provided that these integrals are well-defined, of course.
For a vector field F € C(0G — RY) we define the flux of F through G
as [,,(F,n). Note that

(4b2) /8GFn:§V: 0123;1—1/ / (@1, .. zy) [ ] day.

i=1 ;= (0,1)" JijFi

It is surprisingly easy to prove the divergence theorem for the cube. (Just
from scratch; no need to use , nor 3e3.)

4b3 Proposition (divergence theorem for cube). Let F € C*((0,1)"
RY), with DF bounded. Then the integral of div F' over (0,1)" is equal to
the (outward) flux of F' through the boundary.

(As before, boundedness of DF ensures that F extends to [0,1]Y by
continuity; recall 3b6.)

Proof.

1
/ DlFl(x17"‘7xN>dI1 :Fl(]-?wa"JxN)_FI(OWIZJ"'?'TN) =
0

= Z (221 — 1)Fi(21,...,2N);

/ /D1F1 21’1—1 / /F1 1‘1,...,IN)dZL‘2...dIN;
=0,1

(0,1)™
simllarly, foreachi=1,..., N,
/ /DF— 2:51—1/ / Hda:];
0 1)N 0 1 (0 1 j j;ﬁl
1t remains to sum over 2. L]

The same holds for every box, of course.

A box is only one example of a bounded regular open set G C RY such
that OG is not an m-manifold and still, the divergence theorem holds as
JodivE = faG\Z<F’ n) for some closed set Z C 0G such that 0G \ Z is an
n-manifold of finite n-dimensional volume. For the cube (or box), 0G \ Z is
the union of the 2N hyperfaces, and Z is the union of cubes (or boxes) of
smaller (than N — 1) dimensions.
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4b4 Definition. We say' that the divergence theorem holds for G and
0G\ Z, if

G C RY is a bounded regular open set,

Z C OG is a closed set,

OG \ Z is an n-manifold of finite n-dimensional volume, and

JodivE = faG\Z<F,n> for all F € C(G — RY) such that F|g €

CHG — RY) and DF is bounded on G.

4b5 Exercise (PRODUCT). Let G; € RM | Z, C Gy, and G, C RN,
Zy C 0Gy. If the divergence theorem holds for Gi, 0G; \ Z; and for G,
Gy \ Zy, then it holds for G, G \ Z where G = G| x Gy C RNz and
0G\ Z = ((aGl \ Z1) % Gg) W (Gl x (0G9 \ ZQ)).

Prove it.2

An N-box is the product of N intervals, of course. Also, a cylinder
{(x,y,2) : 2 + y* < 12,0 < z < a} is the product of a disk and an interval.

4c Divergence of gradient: Laplacian

Some (but not all) vector fields are gradients of scalar fields.

4c1 Definition. (a) The Laplacian Af of a function f € C?(G) on an open
set G C R" is
Af=divVy.

(b) f is harmonic, if Af = 0.
Wehave Vf = (D1f,...,D,f), thus, divVf = Di(D1f)+- -+ D,(D,f);

in this sense,
N ) 82 82

A=D24t ...t D= 2 4 ...40

1+t D, 02 + -+ 972

the so-called Laplace operator, or Laplacian.

Any n-dimensional Euclidean space may be used instead of R". Indeed,
the gradient is well-defined in such space, and the divergence is well-defined
even without Euclidean metric.

The divergence theorem gives, for a smooth G, the so-called first
Green formula

(4c2) /G Af = /a (V)= [ Duf.

I'Not a standard terminology.
Hint: div F = (D1Fy + -+ Dy, Fny) + (Dny 41 Fng 11+ -+ Dy, Fvy 48, )
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where (Dynf)(z) = (Dx,f)s is the directional derivative of f at z in the

normal direction n,. Here f € C?(G), with bounded second derivatives.
Here is another instance of integration by parts. Let u € C'(G), with

bounded gradient, and v € C*(G), with bounded second derivatives. Apply-

ing (Had)) to f = wand F' = Vo we get [,(Vu, Vo) = [, u(Vo,n)— [, ulv,
that is,

(4c3) /G (uAv + (Vu, Vo)) = /

(uVv,n) :/ uDyv,
oG oG

the second Green formula. It follows that

(4cd) /G(uAv —vAu) = / (uDpv — vDyu),

oG

the third Green formula; here u,v € C*(G), with bounded second derivatives.
In particular,

/ anv:/ vDyu  for harmonic u,v.
oG oG

Rewriting (4cdl) as

(4ch) /uAv:/vAu—/ UDnu—i—/ (Dpv)u
¢ ¢ oG oG

we may say that really [(ulg)Av = [vA(ulg) where A(ullg) consists of
the usual Laplacian (Au)lg sitting on G and the singular Laplacian sitting
on JG, of two terms, so-called single layer (—Dyu) and double layer uDy,.
Why two layers? Because the Laplacian (unlike gradient and divergence)
involves second derivatives.

4c6 Exercise. Consider homogeneous polynomials on R
fla,y) = cpaky™ "
k=0

For m = 1,2 and 3 find all harmonic functions among these polynomials.!

4c7 Exercise. On R2,
(a) a function of the form

fla,y) = ™™ (ay, by, cp € R)
k=1

n fact, they are Re (z + iy)™, Im (z + iy)™ and their linear combinations.
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is harmonic only if it is constant;
(b) a function of the form

flx,y) = e cosby

is harmonic if and only if |a| = |b|.!
Prove it.

Now, what about a radial harmonic function? We seek a radial f such
that Vf is of zero divergence, that is, V f(z) = Cor‘lfvtx (recall -

dab(a), f(z) = g(]z|) where @ = 9L thus, g(r) = %% + consty for
N # 2. We choose

D

(4c8) f(af):m%; Af(z)=0 forx#0.

(This works also for N = 1: f(z) = |z| is harmonic on R\ {0}.) But for
N =2 we get ¢'(r) = <2 g(r) = const - logr 4 consty; we choose

(1c9)  f(x) = —log ] = log ﬁ

The flux of Vf through a sphere is?

aN/2
al=r —27 for N = 2;

Af(x)=0 forxz#0.

and, similarly to (4a9)), the same holds for every smooth set G > 0.

4d Laplacian at a singular point

The function g(z) = 1/|z|Y~? is harmonic on RV \ {0}, thus, for every f € C?
compactly supported within RY \ {0},

[onr= [ rag=0.

It appears that for f € C?(RY) with a compact support,

/gAf = const - f(0);

in this sense ¢ has a kind of singular Laplacian at the origin.

'That is, f(z,y) = Re (e*T¥).
2const = —(N — 2)const; = —(N —2) for N # 2, and const = const; = —1 for N = 2.
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4d1 Lemma.

Af() . 2 N/2
/. a2 40 =~ = D5y 0)

for every N > 2 and f € C?(RY) with a compact support.

This improper integral converges, since 1/|x|Y~2 is improperly integrable
near 0. The coefficient IE(WTN//;) is the (/N — 1)-dimensional volume of the unit
sphere (recall (3c9)).

Proof. For arbitrary ¢ > 0 we consider the function g.(z) = 1/(max(|z],£)) V2,
and g(z) = 1/|z|V 2. Clearly, [ |g-—g| — 0 (ase — 0), and [ |g-—g||Af| =

0, thus, [g:Af — [gAf. We take R € (0,00) such that f(z) = 0 for
|z| > R, introduce smooth sets G; = {x : |z| < e}, Gy = {z: e < |z| < R},
and apply , taking into account that Ag. = 0 on GG; and Gb:

2SS (/Gl+42)g€Af= (/8G1+/8G2)(95an—fDnge);

however, these D, must be interpreted differently under f e and f PR

1
/ gaDnlf = ﬂana
0G1 lz|=e €
1

/ 9- Do f = L b
0G2 |z|=¢ €

where n is the outward normal of G; and inward normal of G; these two
summands cancel each other. Further, facl fDn,g: = f\x|:s f+-0 =0 since g.
is constant on (G1; and

N —2

f‘DDQ.gff - f : N—1
0Gs |z|=¢ €

since g.(z) = 1/|z|¥ 72 on Gy, and f(x) = 0 when |z| = R. Finally,

1 27N/
Jods =V 21z [ = =yt

where f. is the mean value of f on the e-sphere. By continuity, f. — f(0) as
e — 0; and, as we know, [g.Af — [gAf. O
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4d2 Remark. For N = 2 the situation is similar:

/}R2 Af(x) logﬂdx = =27 f(0)

for every compactly supported f € C?(R?).

When the boundary consists of a hypersurface and an isolated point, we
get a combination of (4ch|) and 4d1} a singular point and two layers.

4d3 Remark. Let G C RY be a smooth set, f € C?*(G) with bounded
second derivatives, and 0 € G. Then

St
_/80<3:r—>f(x)Dn‘x|%>+/aG( = (Duf(z ))‘ |11v 2)

The proof is very close to that of [Ad1] The case N = 2 is similar to [d2], of
course.

The case G = {z : |z| < R} is especially interesting. Here 0G = {z :
|z| = R}; on 0G,

1 1 1 N -2
= and D, =

[z[N=2 ~ RN-2 |z[V=-2 T RN-1

thus,

Af(x) 27rN/2 /

N dr = —(N =2 D,rl .
[ L v LURS = BRES ) Y
Taking into account that f\~|=R of = fI-I<R Af by ([4c2) we get

orV/2 1 1 N -2
N =2y ) = _/,WR (= — )@ et s |1

for N > 2; and similarly,

1
27rf(0):—/ (log R —log |z|)Af(z) dz + — f
jal<R R Jy1=r
for N = 2. In particular, for a harmonic f,
T'(N/2) 1 iy

f(0) = f

oxN/2 RN-1 =R - f\-|=R1

for N > 2; the following result is thus proved (and holds also for N = 1,
trivially).
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4d4 Proposition (Mean value property). For every harmonic function on a
ball, with bounded second derivatives, its value at the center of the ball is
equal to its mean value on the boundary of the ball.!

4d5 Remark. Now it is easy to understand why harmonic functions occur in
physics (“the stationary heat equation”). Consider a homogeneous material
solid body (in three dimensions). Fix the temperature on its boundary, and
let the heat flow until a stationary state is reached. Then the temperature
in the interior is a harmonic function (with the given boundary conditions).

4d6 Remark. Can the mean value property be generalized to a non-spherical
boundary? We leave this question to more special courses (PDE, poten-

tial theory). But here is the idea. In {4d3| we may replace fG @‘fv(f)z dx

with [, (\xlﬁ + g(:c))A f(z)dz where g is a harmonic function satisfying
m% + g(z) = 0 for all z € 9G (if we are lucky to have such g). Then
the double layer [, (Dnv)u in (4cB), and the corresponding term in m

disappears, and we get

-2 i0)= [ (o 10y o))

4d7 Exercise (Mazimum principle for harmonic functions).
Let u be a harmonic function on a connected open set G C RY. If sup, . u(z) =
u(zo) for some xy € G then u is constant.

Prove it.?2

It appears that

(4d8)  Af(z) = 2Nliml<(mean of fon{y:|y—z|=¢})— f(x)) .

e—0 52

4d9 Exercise. (a) Prove that, for N > 2

R /|z<R <!56\N‘2 B RN—2) dz  does not depend on F;

and for N =2, 7 f|z|<R(log R —log|z|) dz does not depend on R. (No need

to calculate these integrals.)?

'In fact, the mean value property is also sufficient for harmonicity, even if differentia-
bility is not assumed.

ZHint: the set {xo : u(zo) = sup,c¢ u(z)} is both open and closed in G.

3Hint: change of variable.
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(b) For f of class C? near the origin, prove that the mean value of f on
{x: |z| = e} is f(0) + cne®Af(0) + o(?) as € — 0, for some ¢y, c3,+ -+ € R
(not dependent on f).

(¢) Applying (b) to f(z) = |z|?, find cp, c3, ... and prove (@d8).

4d10 Exercise. (a) For every f integrable (properly) on {z : |z| < R},

Juer? _ fF iz £ drY
Jyert Jo Jyo b BY
(b) For every bounded harmonic function on a ball, its value at the center of

the ball is equal to its mean value on the ball.
Prove it.!

4d11 Proposition. (Liouville’s theorem for harmonic functions)
Every harmonic function RY — [0, 00) is constant.

Proof. For arbitrary z,y € RY and R > 0 we have

f|Z—9C|<R f(Z) dz f|z—y\<R+|a:—y| f(Z) dz
- < _
f(x) f‘Z—JUKR dz B f|z—a:|<R dz
(R |z — g\ yerifoy D)2 Rz — g\ N
- (Y e s =

flz—y|<R+|m—y|

since the R-neighborhood of x is contained in the (R + |z — y|)-neighborhood
of y. In the limit R — oo we get f(x) < f(y); similarly, f(y) < f(z). O

4e Differential forms of order N — 1
It is easy to generalize the flux, defined by as follow.

4el Definition. Let M C RY be an n-manifold,? F' : M — RY a mapping
continuous almost everywhere, and n : M — R" a continuous mapping such
that n, is a unit normal vector to M at z, for each x € M. The fluz of (the
vector field) F' through (the hypersurface) M in the direction n is

/M<F,n>.

(The integral is treated as improper, and may converge or diverge.)

'Hint: (a) recall 13c8.
2Necessarily orientable; see



Tel Aviv University, 2015/16 Analysis-IV 76

It is not easy to calculate this integral, even if M is single-chart; the
formula is complicated,

[ (o) = [ (P o)y Aot (D) (D)) du

and still, n, should be calculated somehow. Fortunately, there is a better
formula:?

@) [ (P = [ Qe (F@). (Do) (D)) du

(and the sign & will be clarified soon). That is, [, (F,n) =+ [, w, where w

is the n-form defined by w(zx, hy, ..., h,) = det(F( ) hl, ..., h,). We have to

understand better this relation between vector fields and differential forms.
Recall two types of integral over an n-manifold:

x of an n-form w, [,  w, defined by (2c2) and (2d4);
« of a function f, [, f, defined by (2d8) and (2d9);

they are related by
/ = / frono)
M (M,0)

where fi(a7,0) is the volume form; that is, [,, f = f(M7O) w where w = fu,0)-
Interestingly, every n-form w on an orientable n-manifold M C RV is f H(M,0)
for some f € C'(M). This is a consequence of the one-dimensionality? of the
space of all antisymmetric multilinear n-forms on the tangent space T,M.
We have f(z) = w(x,eq,...,e,) for some (therefore, every) orthonormal
basis (eq,...,e,) of T, M that conforms to O,. But if w is defined on the
whole RY (not just on M), it does not lead to a function f on the whole
RY: indeed, in order to find f(x) we need not just x but also T, M (and its
orientation).

The case n = N is simple: every N-form w on RY (or on an open subset
of RY) is f det (for some continuous f); here “det” denotes the volume form
on R": that is,

w(z, hy,...,hy) = f(z)det(hy,..., hn);

(4e3) fx) =w(z,e1,...,en).

!A wonder: the volume form of M is not needed; the volume form of RY (the deter-
minant) is used instead. Why so? Since the flux is the volume of fluid flowing through
the surface (per unit time), as was noted in

2Recall Sect. le and 2c.
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Note that for every open U C R¥,

(4ed) /deet:/Uf(x)d:c; /Udet:U(U).

We turn to the case n = N — 1.

The space of all antisymmetric multilinear n-forms L on RY is of dimen-
sion (]Z ) = N. Here is a useful linear one-to-one correspondence between
such L and vectors h € RV:

Vhi,...,hy L(hy,... hy,) = det(h,hy,... hy).
Introducing the cross-product hy X --- x h,, by'
(4eb) Vh (h,hy X -+ X h,) = det(h,hq,..., hy)
(it is a vector orthogonal to hy, ..., h,), we get
Lk, b)) = (Bl % -+ X By

Doing so at every point, we get a linear one-to-one correspondence between
n-forms w on RY and (continuous) vector fields F' on R¥:

(4e6)  w(w, huy. .. hy) = (F(2),hy X -+ X hy) = det(F(z), ha,- .., ).

Similarly, (n — 1)-forms w on an oriented n-dimensional manifold (M, Q) in
RN (not just N —n = 1) are in a linear one-to-one correspondence with
tangent vector fields F' on M, that is, F' € C(M — RY) such that Vz €
M F(z) € T, M.

Let M C RY be an orientable n-manifold, w and F as in (4e6)). We know
that w|y = fuare) for some f. How is f related to F'? Given x € M, we
take an orthonormal basis (ey, ..., e,) of T, M, note that e; X --- X e, = n,
is a unit normal vector to M at x, and

(F(x),n,) = (F(x),e1 X +-+ X ep) =w(T,e1,...,6,) =
= f(@)uoroy(x, €1, .. en) = f(2).

In order to get “+” rather than “+” we need a coordination between the
orientation O and the normal vector n,. Let the basis (eq,...,e,) of T, M

For N = 3 the cross-product is a binary operation, but for N > 3 it is not. In
fact, it is possible to define the corresponding associative binary operation (the so-called
exterior product, or wedge product), not on vectors but on the so-called multivectors, see
“Multivector”| and |“Exterior algebra”’|in Wikipedia.

n=N-1


http://en.wikipedia.org/wiki/Multivector
http://en.wikipedia.org/wiki/Exterior_algebra
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conform to the orientation O, (of M at x, or equivalently, of T, M, recall
Sect. 2b), then pnoy(x,e1,...,e,) = +1. The two unit normal vectors
being +e; X --- X e,, we say that n, = e; X --- X e, conforms to the given
orientation, and get!

<F([L’),1’lx> = f(ZE), wlM - <F7 n>,u(M,O) .

Integrating this over M, we get nothing but the flux! Recall[del} the flux of F
through M is [, (F,n), that is, f(M’O)<F, n)/i(M,0) = f(M’O)w|M = f(Mp)w.
We get (4e2)), and moreover,

(4e7) /M (F,n) = /( o

for w of (4e6)) and O conforming to n. In particular, when M is single-chart,
we have

es) [ (P = [ det(F@(0), (Dt (D)) du

provided that det(n, D1v, ..., Dy1p) > 0. Necessarily, D1t X - -+ x Dptp = en
for some ¢ # 0 (since both vectors are orthogonal to the tangent space); the
sign of ¢ is the sign in (4e2)).

We summarize the situation with the sign.

4e9 Remark. For an n-dimensional manifold M C R¥, the two orientations
O, at a given point x € M correspond naturally? to the two unit normal
vectors n, to M at z. Namely, for some (therefore, every) orthonormal basis
€1,...,e, of T, M that conforms to O,,

(a) det(ng,eq,...,e,) = +1;
or, equivalently,

(b) 1 X -+ X €, = n,.
Alternatively (and equivalently), for arbitrary (not just orthonormal) basis,

(a') det(ng, ey, ..., e,) > 0;

(b') ey X -+ X e, = cn, for some ¢ > 0.
Given a chart (G,%) of M around z that conforms to O,, we may take
€, = (Diw)w—l(x)-

Orientations (O,)zenr of M correspond naturally to continuous mappings
M > z + n, € RY such that for every x € M, n, is a unit normal vector
to M at x. Thus, such mappings exist if and only if M is orientable (and in
this case, there are exactly two of them, provided that M is connected).

Not unexpectedly, in order to find f(z) we need not just z but also n,.
2Using the orientation of RN given by the determinant; the other orientation of RY
leads to the other correspondence.

n=N-1



Tel Aviv University, 2015/16 Analysis-IV 79

We turn to a smooth set U C R¥. Its boundary OU is a hypersurface; the
outward normal vector leads, according to [4e9] to an orientation of OU. In
such cases we always use this orientation. Given F' € C1({U — RY) with DF
bounded, we may rewrite the divergence theorem , JydivE = [, (F,n),

as
/(divF)det:/ w
U ouU

where w corresponds to F' according to (4e6)). Taking into account that every
n-form of class C* corresponds to some vector field, we conclude.

4e10 Proposition. For every n-form w of class C! on RY there exists an
N-form w’ on RY such that for every smooth set U C R¥,

/ w:/w'.
U U

4el11l Remark. The same holds in the piecewise smooth case: faU\ZW =
fU w' provided that the divergence theorem holds for U and oU \ Z.

4e12 Example. On R? consider a vector field F : (§) — (ggz%) and a

curve (1-manifold) covered by a single chart ¢ : (a,b) — R? (t) = (5;23)
Using the complicated formula,

n _ 1 ﬂjé(t) . — 2 2 .
=t (H0)) 20 = Vor0 020
1

(F(@),nyw) = \/—_(Fl% — Bl ;

fux = [ (P, mu0)Jult) de = [ (Fh — Fast) .

Alternatively, using (4e8)),

oy
Fy h

4e13 Exercise. Fill in the details in [4e12l

b
det(F(d)(t)),@//(t)) = = F1¢§_F21//15 flux 2/ (F1¢;_F2¢i) de.

4e14 Example. Continuing , consider the 1-form w, w((ﬁ), (‘flj)) =
fi(z,y) dx + fo(x,y) dy; it corresponds to F' according to (4e6|) when

le_FQa
fa=F1.

Fi(z,y) dz

filw,y) de + fo(w,y) dy = FEx y) dy

, that is,
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In this case,
b b
/M o / o ({8, (1)) dt = / (A1) + Fae(®)d(h)) dt =
— /b<_F2¢/1 + qup;) dt = flux.

4e15 Exercise. Fill in the details in [4el4]

4e16 Remark. Less formally, denoting v (t) and ¢9(t) by just x(t) and y(t)
we have

/Mw:/ (frlaz(), y(®)a'(t) + fo(z(t),y(t)y' (1)) dt ;

naturally, this is called [, (fi dz + faody).

4e17 Example. Continuing [4el2| and [4el4], we calculate the divergence:

divF = D1Fy 4+ DoFy = Dy fs — Do f1
thus,

le F det = D1 fg Dgfl) det

e

for a smooth U C R% If QU is covered (except for a single point) with a
chart ¢ : (a,b) — R?, ¥ (a+) = ¥ (b—), then gives

/ <f1d$+f2dy):/(lez—D2f1)-
U U

This is the well-known Green’s theorem; in traditional notation,

oM L
Ldz + Md :// (———)dxd .
ng( Y) N\ " y

4e18 Example. The 1-form w = M on R? (mentioned in Sect. 1d)
corresponds to the vector field F(y) = 1(§), that is, F(z) = 1z for z € R
Clearly, div F' = 1, thus, w’ = det; by [4el0],

/ w=uv(U) for every smooth U C R?.
ouU
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4e19 Example.
The 1-form w = %ﬁ/ﬁdz’ on R?\ {0} (treated in
Sect. 1d) corresponds to the vector field F'(§) =

ﬁ@), that is, F'(z) = 5 for € R*\ {0}.
By (a7), div F' = 0 on R?\ {0}, thus &’ = 0 on
R2\ {0}; by Jor w = 0 for every smooth U
such that U % 0. On the other hand, for every
smooth U 3 0 we have [, w = 2r by (4a9);

compare this fact with Sect. 1d.

81

FEASS

Similarly, in R? the 2-form w that corresponds to the vector field F(x) =
o satisfies [, w =0 whenever U 0, and [, w = 47 whenever U > 0.

Index
cross-product, Laplacian,
) layer,
dwergence theorem, [60 Liouville’s theorem,
divergence theorem for cube,
flux, 65} [68} [75] maximum principle,
mean value property,
Green formula
first, [69] normal vector conforms to orientation,
second, [70]
third, tangent vector field,
harmonic, [69]
heat, A, [69

hyperface, [67] hy X -+ X hy, [T7]
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