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ABSTRACT. Even though quantum correlations violate Bell’s inequality, they satisfy weaker
inequalities of a similar type. Some particular inequalities of this kind are proved here. The more
general case of instruments located in different space-time regions is also discussed in some detail.

The Einstein—Podolsky—Rosen paradox, Bell’s inequality and related theoretical and experimental
works (see, e.g., the survey [1]) have drawn particular attention to the correlation of two quantum
.observables measured by two space-like separated instruments, each one having a classical para-
meter (e.g., the orientation of a spin-méasuring instrument). The transition probability function,
i.e., the joint probability distribution of observables in some fixed state of the system, considered
as a function of the above-mentioned parameters, may violate an inequality such as Bell’s and,
therefore, be unrealizable in classical physics or, more precisely, in all Iocal hidden variables
theories. We know today that such a transition probability functign may nevertheless be realizable
by suitable quantum measurements. But quantum transition probability functions obey some
limitations too. The object of the present paper is to investigate these limitations in some particular
cases. We show in particular that in the case of observables and parameters each having only
two possible values one may limit oneself to a pair of spin one-half particles as a system and their
spin components as observables. Correlations that cannot be realized in this way cannot be real-

“ized by any quantum measurements whatsoever. Besides that we attempt to treat the general case
of an arbitrary set of instruments localized in certain regions of space-time, which form a partially

. ordered set with respect to causal dependence. '

The present paper contains four theorems whose proofs will be published elsewhere and a short
discussion of their physical content.

Let an observable 4, be given for each value of a parameter k = 1,...,m, and an observable B,
for each/=1,...,n, each A, commuting with each B,. The following theorem characterizes all
pbssible quantum correlations between A and B; (i.e., expectation values cg; of 4,B,) in case of
‘A and B; having their spéctra consisting of two points {—1;+1 } or, more generally, included in
the interval [~1; +1] ;in both cases the answer is the same and is contained in condition (4).

THEOREM 1. The following four conditions for real numbers cy), k=1,...,m, 1 =1,...,n are
equivalent. ‘

(1) There afe a C*-algebrq o with identity, Hermitian A,,..., A, Bl,...,Bn € o, and a state
fon oA such that, for every k,1,

a

AxBi=BAyx; —-1<A;<1; —-1<B<Il; f(AxB)=cy .
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(2) There are Hermitian operators Ay,..., Ay, By,..., B, and a density matrix W (i.e. a positive
- operator with trace 1) in a Hilbert space H such that, for every k,I, .

AxBy=BjAg; spectrum (A;) C [-1;+1];

spectrum (B)) C [—1;+1]; JTr(AxBW) =cy; .

(3) THe same as (2) and in addition A} = 1, B} = 1, Tr(4, W) =0, Tr(‘B,W) O for every k,l;
and H=H, e Hy, Ay = A§) e 1), B, = 1(1) ® B, where A{'), B{?) are some operators in H,,
H,, respectively, 11, 1®)are identity operators; besides that all anticommutators ALY AfD +

AR ALY and Bf? sz) +Bf2) B{?) are scalar (i. eé‘proportzonal to 1V gnd 12, respectively);
H, Hy, H, are finite dimensional, obeying

m if mis even,
2log; dim Hy <

m+1- ifmisodd,
n if nis even,
2log, dim H, < l
n+1 ifn isodd. -~

(4) There are unit vectors xi,..., X, ¥1,..., ¥, in a (m+n)-dimensional Euclidean space such
that, for every k,l, '

<xk,y, > = Cki -

This theorem shows that form =n = 2, the operators Ay, By can be chosen as 2 x 2 matrices
obeymgA =1,B}=1and havmg scalar anticommutators: thus Al and 4, can be interpreted
as spin components along two different directions of a spin one-half particle; the same holds true
for By, B, with a second particle. It is known in this case that with a suitable choice of directions
and of the density matrix W one can obtain

Ci1tCia ¥y — €2 =Tr((A4,By v A B, +A;,B, - A,B;) W)=2/2,
whereas in the classical case all operators commute, and thus obey
B, +A1132 +4,8, —AyB|< B, +B, | + IB; — B, | <2.
It is also known that the riéht-hand side 24/ is the greatest possible value for the particular

linear combination of spin correlations considered above. According to Theorem 1 this implies
that the inequality

ciiteiatea —cpp <202

’

holds for varbitrary quantum observables 4,, 4,, B, and B, as well. There is also «n elementary
proof, based on a simple but lengthy calculation:
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: ] :
AyB1+A1B; + A1 B, - A3 B, 7 (A} +A3 +B} +B}) -
V2-1
8

1) +A; —By) —

V2oL (@2 1Ay - Bty — B -

—ﬁsi((\/z‘?l)(m fo)‘+A1;+Bz)’ -

-
8

+B,)— A, —B,)

\/_(A2+A’+Bz+B)32\/'2'-11.

"Theorem 1, via (4), yields comparatively simple (in general quadratic) limitations for the
quantum correlations cg;. This simple result is obtained only since the mean values of 4; and
B, were left undetermined. If these mean values are also considered to be given, we are able to

generalize Theorem 1 only for the particular case m = n = 2, and even then the resulting inequali-
ties are much more complicated. Our results are contained in the following two theorems.

THEOREM 2. The following two definitions of a real number M, considered as a function of eight

arbitrarily given real numbers oy, 0, 81,82, Y11, Y125 Y21> Y22, @r€ equzvalent
= e
M= Ax,Az, B, (sup {AlX spectrum @n

where
Z=ajAy +0yA; +B1By + 2By + 711418y +713A4,B, + 721428y +7,,4,B, ,
and A,, A,, By, B, are arbitrary Hermitian operators in a Hilbert space obe ying
ArB; =B Ay ; spectrum (Ag) C [--1;+1] ;  spectrum (B)) C [—1;+1]
fork=1,2andl=1,2.
(2) M =inf m,
where the infimum is taken over all m > 0 such that, for every complex numbers u, v obeymg
I‘ul— 1, lvl=1, the following mequalmes hold:
m* +u,m? +pusm+p, >0,
4m® + 2uym + p3 >0,

6m* +u, >0,

where
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= —(lel? + 1f12) — 2(1gl* + 1h1?),
p3 = —4Relegh + fzh) ,

e = lel1f1? +(1g1? — |nI?)? — 2Re(efg” +2fM*),
. .
with

1 S __
e= 3‘(141")’11 —ubyy, — Uvyzy TUVY22),

1, - _— _
f= ?(uv’)‘n —uvyy, — WYy tvy22),

»

THEOREM 3. The following four conditions for eight real numbers a,, a,, by, ba, €11, €12, €21 ,
‘c“ are equivalent. -
(1) There are a C*-algebra o with identity, Hermitian Ay, A,, B, B, € s and a state fon o
such that fork=12andl1=12, ' '

AyB;=Bidy; —1<A4, <1; -1<B<1;
fA) =ax; FB)=by; f(ArB) =cir -

(2) There are Hermitian operators A,, Az, By, B, and a density m—am’x W in a Hilbert space H
such that fork=12and1=1.2,

AyB; = BiAy; spectrum (Ag) C [-1 +1];
spectrum (B;) C [—1;+1]: Tr (4 W) = ax;
Tr (Blw)sz;Tr (AkBlw)zck[ .

(3) There are Hermitian 2 x 2-matrices A, ©),A4; €), By (£),B; ()and a 4 x + density

matrix W (¢), depending in a measurable way on a parameter ¢ € [0;1], such that, for every
{€[0:1],k=12andl=1.2, : '

AN=1; B®=1; 44 +4:04.0)
and

Bi(§)B: () + B, (£)B:1 ()

are scalar; and
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1 l |
| maw e 1ywene=a,
) .

1 |
[, Tr((1, ® B, ) WE)ds = b, ,
0

1

[ Tr (A Ay ) © BEOIWE)) dE = g,

o

where 11, is the 2 x 2 zdenttty matrix.
(4) For any ezght arbitrarily given real numbers oy, &2, 81,82, Y11, 713, Y21s 72 25

1@y tapa; tBiby + B2y +Y11C11 FY12C12 ¥ Y2101 F Y2202 M,

- where Mis defined as in Theorem 2,

We see again that it is sufficient to deal with spin one-half particles; it is necessary now, however, -
to use a randomization by means of a classical random parameter { affecting the state of the par-
ticles and the orientations of the two spin measuring instruments. Most likely our results are not
generalizable for m > 2 or n > 2. In fact, any two noncommuting operators 4, , 4,, obeying

A2 = 1, A3 = 1, commute with a third operator, namely with 4 14, + A, A, . This is of crucial
importance for the proofs of Theorems 2 and 3, and has no analog for the three or more operators.

Now we turn from the case of two space-like separated (e.g., spin measuring) devices to a more
general case. of course, our results will be less concrete than those above. We shall treat an
arbitrary set of local instruments following Kraus [2,3], He11w1g and Kraus [4], and Davies and
Lewis [5]. .

Let Cy.,...,C, be regions of space-time such that for every different &,J, either any point from C; is
in the future with respect to any point from Cy (denoted by Cy <C)), or vice versa (C; < Cy), or any
two points from Cy, and C;, respectively, are space-like separated (Cy ~ C;). It is convenient to suppose
that the numbering of regions conforms to their chronological order, i.e. if kK <! then either
Ci < Cjor G ~ C). We shall consider for each k = 1,...,n a finite index set S) and an instrument.
i.e. a family {Ox(sx) }s,es, of operations O(sy), such that the sum over S of the corresponding
effects is 1. Note that each operation is a mapping O:L} (H) > L} (H) of the form OW =
'ZA,-WAf » where H is a Hilbert space describing a quantum system, L] () is the set of all positive
trace-class operators, and 4; are linear operators on H obeying F < 1, where F = A ;A; is the
effect corresponding to O. Application of an instrument {O(s) };cy to the system, beingin a
state with a density matrix W, produces with the probability p(s) = Tr(O(s) W) an output s €S
and a new state of the system with the density matrix (1/p(s)) O(s) W. A combined examination
of several local instruments requires some further conditions. We suppoée that each instrument

{Ox (sx) } is localized in the corresponding region Cy. Then the instruments must obey the fol-
lowing obvious condition. ‘
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_Condition /A-). If Cy ~ G}, the instruments {Ox(5x) } and {O/(s;) } commute, i.e.,
Ok (k) Os)) W =.0((s1) Ox (s ) W

“for every s €Sy, 5 €S, WEL, (H)
A combined application of all instruments {Ok(sx) } to the densxty matrix W produces with
the probability : :

Q

P ) =TrOR) - 0451 )W)

a combined output {sx }x=y .., €IS, and a new density matrix
k .

p—(i‘% -0,,(s,,~) L O(5))W.

The Condition (A) ensures that this composition of instruments is independent of their numbering
(which although assumed to be chronological, is still arbitrary in case of space-like separation).
But we need a stronger condition. Any operation O has a representation (see [3]) by means of an
auxiliary Hilbert space H, describing an apparatus, a density matrix W, on H, describing the
initial apparétﬂs state, a unitary operator U; on H ® H, ‘describing an interaction between system
and apparatus, and a projection operator P on H; describing a property of the apparatus; we shall
denote this fact as O = Op(W; , Uy, P). It is known also [3] that any instrument {O(s) }scs has

a representation by means of a single apparatus: O(s) = Op(Wl , Uy, P(s)), where {P(5) }seg is an
ideal measurement, i.e., a family ‘of disjoint projection operators on H, whose sum is II.

Condition (B). The instruments {Oy, (s;) } are such that there are Hilbert spaces Hy. unitary
operators Uy on H ® Hy and ideal measurements {P;(sx) Yspes- on Hy fork = 1,....n obeying:
(B1) if Cy ~ C}, then for any density matrices W, on Hy and W, on H the two instruments

{Op(wka Uk’Pk(sk)) }Skesk and {0p(W,, Ul, PI(SI)) }slesl

commute; and » )

(B2) for every k there is a density matrix W5 on Hy such that Ox(s) = Op(W9, Uy, Pi(sx))
for all s, €Sy. .

Thus, the condition (B) demands that space-like separated instruments commute not only for
the prescribed initial states of apparatuses, but also for arbitrary ones. It might look surprising

that a set of instruments may obey Condition (A) while violating Condition (B), but this is really
a fact. Apparently, such a set of instruments is unrealizable.

Let us introduce inputs. We consider a finite parameter set R, for each Kk = 1,...,n. and suppose
that each instrument depends on a corresponding parameter ry € Ry ; this means that operations
Ox(ry, si) are given for every k = 1,...,n,ri € Ry, sy €Sk, and for each ry, {Ox(rx, s5) Yspesk

is an instrument. Now we define a transition probability function for fixed W:

{5k} 1k ) = Tr (On(rn, $0) - 01, 51) W) .
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It is convenient in the following theorem to replace the set {0,,..., 0, } of regions by an arbitrary
set, partially ordered with respect to causal dependence as above. '

THEOREM 4. Suppose that K is a partially ordered finite set, R & and Sy, are finite sets for every
k €K, and a real number p({sy }| {ry }) is given for every {r, kex € ﬂ Ri, {skc}lrkex €

Il Sk. Then the following tyo conditions are equivalent.
ke

(1) There are a Hilbert space H and a family of operations O,(ry, s;;) acting on L} (H) for
k €K, ry € Ry, sy €Sy, such that for every ry the Condition (B) holds for {Ok(rk,sk)}s,‘e Sk, i
and there is a density matrix W on H such that for evety {ry}and {sk}

Tr ((kIEIk Or (i s W)=p({s; } 1 {r}) ,
where the product is conform to the order, i.e.

1 Ok(ri, sk) = Ok, (ric,po Sk,) - Ok, i, 25,
kek , . '
where k..., k,, forms a numbering of K such that k; <kj implies that i <j; the choice of this
numbering does not affect the product in consequence of the Condition (B).
s (2) There are a Hilbert space H, a density matrix W and pro;ecnon operators Qy(sx,{r;})on H
Jor k€K, si €Sk, {nhiex € H R;, obeying

(22) for every {r;} and k

2. Ok, i) =1,

SKESk
summands being disjoint;
(2b) for every {r;}, ky, k,, Sk, » and s operators Ok, Gk, {n}) and Ok, Gk . I11})
commute;
(2¢) for every k and s, the operator O sy, {r;}) depends in fact only on ry having < k;
(24d) for every {re } and {s}

Tr(( 1 OxCse, )W) =p (s} | {r 1)
kek
({r;}is the same as {r; }).

The relation between Conditions (1) and (2) of Theorem 4 is somewhat similar to the relation
between the interaction representation and the Heisenberg representation. Indeed, we accept in
(1) that the state of the system changes because of interactions with apparatuses, whereas we do
not distinguish in (2) between system and apparatuses, and accept a changeless state, but obser-
vables depending on parameters.

If one demands in addition to (2) that all Ox(sk, {r1}) commute with each other even when
belonging to different parameters {r:}, then one obtains the condition of classical realizability of
a transition probability function. 1t is easy to see that this condition is necessary in any local hiddsn

«
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variable theory. On the other hand, one can argue that it is also sufficient: to realize a transition
-probability function obeying this condition, one needs-only suitable logi¢ circuits as used in com-
puters together with random generators. On the other hand, we have no reason to believe that in
the general (noncommutative) case the necessary condition pointed out in Theorem 4 is also
sufficient for physical realizability. It should be interesting to find a stronger necessary condition,
as well as to look for a general sufficient condition. Pérhaps a suitable candidate for this would be
a ‘net of abstract scatterings’, i.e. an oriented graph, with Hilbert spaces corresponding to its
edges and unitary operators on tensor products corresponding to its nodes. Perhaps a further de-a
velopment of experimental techniques connected with Bell’s inequality will lead to the conclusion
that any such ‘net of abstract scatterings’ may be approximately realized in a suitable experiment.
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